Eddy viscosity and turnover timescale

Consider the convective timescale 7.y on which the largest convective cells of length [

turnover. The mass in the cells is
M =pV =pol (1)

for cell cross-section ¢ and fluid density p. Such a cell exchanges material separated by
a distance [. If there is a velocity gradient in the medium such that one end of the cell

is moving at w and the other at u + du, then the cell transports linear momentum

Ap=MAu=poldu (2)
but
Ap = FAt = Fl/veony (3)
and force per unit area is
Flo=pvdu/dz = pvdufl (4)

where v is the viscosity of the fluid. Thus
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or, averaged over three dimensions,

1 1
V= glvconv = ng/Tconv . (7)
Following Schwarzschild (1958) the average energy flux carried by convective mo-

tions can be written as

H = VAT dr Cppveony (8)

if dr is the average convective displacement and vy is the average velocity of all con-

vective elements at level . The quantity

VAT:(l—— Lav _ab (9)



represents the temperature excess of the actual temperature gradient over the adiabatic
temperature gradient. This is the temperature excess of the convective element after it
has risen by a distance dr. The element rises due to an average excess force acting on
it, which can be multiplied by the distance dr to obtain the work done on the element,
which in turn produces the kinetic energy of the element
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which gives the convective velocity as a function of the temperature gradient. Therefore
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where M, is the mass inside a shell of radius r and dr = %l has been used. From the

virial theorem
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Putting all this together gives
lvgonv r p’r ’UgOIlV
= 2ar20, " PP Ve = g (14)
The luminosity is
L, = 4nr*H (15)
so that,
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thus,
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Taking
1
[~ _Renv (20)
3
and
1
r~|R- iRenv (21)

as the radius in the middle of the convective zone, gives
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