The Henyey Scheme

1 A Star in Shells

Stars are usually modelled as a series of spherical shells, labelled by the
Lagrangian mass co-ordinate m. There are usually four stellar structure
equations and hence four independent variables.

The equations are hydrostatic equilibrium
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and radiative transport of the energy flux 7,
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The independent variables are usually radius r, luminosity L, temperature
T and one other, commonly p, which is related to the degeneracy, compo-
sition and density p through the equation of state.

Note that the number of equations, n, is typically four but is larger if,
e.g., rotation and composition are also solved for, also perhaps there is an
equation for velocity u (if hydrostatic equilibrium is not assumed).

Define variables:

» Number of equations n
o Number of shells N
« Equation number i (from 1 to n)

o Shell number j (from 1 to N)



e Structure variables

X = Xk:{X1,X2,X3,X4}
= {Ls T, P, T} (5)

« The corrections are

O0x = 5Xk = {X-I, X2, X3, X4}
- 5{[-1 T, P, T} (6)

There are then N shells, and n equations at each shell, for a total of N xn
equations to be solved for a star.

2 Setup of the equations

The equations are written in a form such that the right hand side is always
zero when they are solved perfectly, e.g. for the hydrostatic equation at
shell j
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In general the equation is not solved exactly: we have p and r from the
previous timestep (or some extrapolation thereof) and at the next timestep
there will be a residual such that
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Corrections sp; and or; are applied to p; and r; such that the equation is
solved exactly (to within some tolerance),
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The aim is then to determine the sp; and &r; : of course it is not trivial
because there are four coupled equations at each shell which must be
solved for, and then the shells are also coupled.



3 Taylor series expansion

We can Taylor expand the equation around the previous solution,

—g; = oP: 1+ or._q+
) an71 ) ar].q )
ag; 0g;
2P + D&
aP) ) + aT) TJ +
OP. 1 + ———0r. 1
hence we seek to solve
g; + 5P-_1 + 761‘-_1 + —0P; + —51‘]' + OP. 1+ or. 1
Poop 4 ) or ¢ op; ) oy oP, 4 T or g UF



4 Application

In the general case,

- Equation i calculated at shell j is g} (which is the “residual”)

« The derivatives of equation i at shell j with respect to the k stellar
structure variables at the previous shell j — 1 are
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« The derivatives of equation i at shell j with respect to the x stellar
structure variables at the shell j are
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« The derivatives of equation i at shell j with respect to the x stellar
structure variables at the next shell j —1 are
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e Each of ¢, D and E is an n x n matrix.

» The equation to be solved is then

pi E! 51 6g1
c? D2 E2 522 5g°
c3 p3 g3 523 6g3
cN-2 pN-2 pN-2 seN—2 égN—Z
cN-1 pN-1 pN-1 seN—1 5gN—1
cN DN saN 5g™
(15)
e This is of the form
Adx B (16)



i.e. we have to multiply both sides by A= to find sz,

A lase = A 'B
sz = A 1B. (17)

Given sz we have solved the problem.

» The (possibly large) matrix which is to be inverted is then

p1 El
c2 p2 g2
c3 p3 g3

CN—2 DN—2 EN—2
CN—1 DN—‘I EN—1
cN DN

Typically there might be 200 — 2000 shells: hence (800 — 8000) x (4 x
4 x 3) ~ 25,000 — 250,000 terms in the matrix.

5 The Henyey method

Our Taylor series is, in the more compact notation,

o = s~ £ Disyd + Blox+] (19)

where ¢, D and E are n x n matrices.

» Assume that the corrections at shell j, sxJ, are linearly related to the
corrections at shell j — 1,

s 1 = a1 1B Texd, (20)

where a is a vector of size n and B is an n x n matrix.

» Substitute Eq. 27 into Eqg. 19 to find

_gj — O (aj_1 + Bj_1 5xj) + DI 5x) + EjZSijL‘I (21)



— a1+ OB Tox) + Disw + Elsx*
= a1+ (0BT 4 D) oxl + Blowd*]
— Ca 196 + Boxt!
which defines
s = op14+D.
Rearranging gives
Sex) = —gj —Cjaj_‘I —Ejéxj"s"I .

» Repeat for shell j +1:

5 = a +BlaxdtT,
pre-mulitply by si and equate to Eq. 26 (at the previous shell),
Sied = § (aj +Bi5xi+1>
— g a1 —Esdt,
Now equate terms of the same order
Sia — _gi_ciai—1

SB = —F.

and, multiplying by (') ", we find:

J o _<Sj>‘1 -],

B — _(si)‘1 B



5.1 The first shell

At the first shell (j = 1) we have no previous shell on which to depend,
hence c! = 0.
From the definition s = ¢B-1 + DI (Eq. 25) we see

st = pl
hence
A ) e, (34)
Bl — —(D1>_1 B!, (35)

and where D', ! and ¢! are known (or, at least, can be guessed from
previous calculations).

5.2 Subsequent shells

The process is repeated for the rest of the shells. The general expressions
foraand B are
: . N1
d o= (CJBJ—1 +DJ> (gJ +Cla1—1) , (36)

B = —<ciBi—1+Di)_1 . (37)

5.3 Final shell

For the Nth shell we can write
—gN = cN (aNf‘l +BN-1 5XN) +DNaxM (38)

because EN = 0 (there is no dependence on a non-existent next shell).
Hence

oM = — (cNBN! +DN>_1 (N +cNaN-T) (39)

and finally we have the correction at the end of the matrix.



6 Constructing the solution

If we were clever we saved the a and B during the computation, hence from
5x = af + Byt (40)

all the sx are recovered.
The process is iterated until some convergence threshold is satisfied
(usually sx,/x, < e where e < 10-3).
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Figure 1: Single star Henyey matrix.
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Figure 2: Binary star Henyey matrix.
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