
Nu
leosynthesis in Binary StarsRobert G. Izzard
Institute of AstronomyandSt. John's College,Cambridge

This dissertation is submitted for theDegree of Do
tor of Philosophy
January, 2004



F How Fast is binary_
/nu
syn?Table F1 gives the reader some idea of the runtime of binary_
/nu
syn on a 1.4 GHzAMD Athlon PC running Linux 2.4.20. One thousand stars were evolved at Z = 0.02 overthe low- and intermediate-mass range and the entire mass range. The intermediate-massstars are the slowest to evolve be
ause they experien
e more thermal pulses.For 
omparison, a 7 M⊙, Z = 0.02 model takes 36minutes to evolve from pre-MS toTPAGB using 199 mesh points with the full Eggleton 
ode (Stan
li�e, private 
ommuni-
ation). To evolve properly on the TPAGB takes about an hour per pulse with 999 meshpoints (Stan
li�e, private 
ommuni
ation). This is just the evolution 
ode with the samenu
leosynthesis as the Dray models, not the full nu
leosynthesis of the K02 models whi
h
an take days or weeks to 
al
ulate (Karakas, private 
ommuni
ation). These �gures arefor a 550MHz Sun-Blade-100, s
aled to an equivalent 1400GHz CPU. Note that Athlonsgive better performan
e per GHz and per unit 
urren
y. The speed-up fa
tor the syntheti

ode provides 
an be 
onservatively estimated as
2weeks

0.1 s ≈ 1.2× 107 .Not bad!
Mass Range Single Stars Binary Stars

0.1 ≤M1,2 ≤ 8 0.081 0.143
0.1 ≤M1,2 ≤ 100 0.046 0.076Table F1: binary_
/nu
syn runtimes (in se
onds). See text for details. 275



E Pres
ription for λCE

a =

{

min (1.2(log10 M − 0.25)2 − 0.7,−0.5) MS, GB,
max (−0.2− log10 M, 0.5) CHeB, EAGB, TPAGB, (E6)

b = max(3− 5 log10 M, 1.5) , (E7)

c = max(3.7 + 1.6 log10M, 3.3 + 2.1 log10 M) , (E8)rede�ne λ2 su
h that

λ2 = a + arctan [b(c− log10 L)] , (E9)

d = max (0,min [0.15, 0.15− 0.25 log10 M ]) , (E10)fudge λ2 for pre-helium-burning stars

λ2 =

{

λ2 + d× (log10 L− 2) MS, HG, GB,
λ2 CHeB, EAGB, TPAGB (E11)then

λ2 = max (1/max(λ2, 0.01), λ1) . (E12)Now let

λ1 = λ1 + fion(λ2 − λ1) . (E13)If the envelope mass is ≤ 1 M⊙ then override the above de�nitions to give

λ2 = 0.84

(

RZAMS

R

)0.4

. (E14)Then 
al
ulate λCE

λCE =







λ2 Menv = 0 M⊙ ,
λ2 +M0.5env(λ1 − λ2) 0 ≤Menv/M⊙ ≤ 1 ,

λ1 Menv ≥ 1 M⊙ .Typi
ally λCE ≈ 1.0 − 2.0 for GB or AGB stars, is 0.25 − 0.75 for HG stars and is 0.5for helium stars.
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tor of PhilosophyJanuary 2004Gala
ti
 
hemi
al evolution models require stellar nu
leosynthesis yields as input data.Stellar evolution models are used to 
al
ulate su
h yields but do not take into a

ount thefa
t that many stars are in binaries. The 
omputing time required to explore the binarystar parameter spa
e is usually 
onsidered to be prohibitively large. Therefore binaries,ex
ept for type Ia supernovae and novae whi
h are in
luded in an ad ho
 way, are ignoredin most Gala
ti
 
hemi
al evolution models. In this dissertation syntheti
 nu
leosynthesismodels are developed whi
h approximate full stellar evolution models. Cunning methodsare employed to model shell burning in low- and intermediate-mass stars while high-massstars have their surfa
e abundan
es �tted to their mass. Explosive yields are �tted topublished results. The syntheti
 nu
leosynthesis model, with the addition of algorithms todeal with mass transfer in binaries, is 
oupled to a rapid binary star evolution 
ode. Theuse of a syntheti
 model speeds up the 
al
ulation of stellar yields by a fa
tor of about 107and extends the analysis to binary stars.Single- and binary-star yields are 
al
ulated for a range of initial mass and separationdistributions. A 
hange in the primary or single-star mass distribution is most signi�
ant.Changing the se
ondary mass or separation distribution has a smaller e�e
t. Considerationis then given to variation of the input physi
s to determine whi
h free parameters areimportant for the 
al
ulation of yields from single and binary stars. It is found that 
ertainparameters are important for some isotopes. Future prospe
ts are then brie�y dis
ussed.



E Pres
ription for λCEThe latest version of BSE, released after the Hurley et al. (2002) paper, 
ontains a pre-s
ription for the free parameter λCE 
al
ulated by Onno Pols. He used a method similar tothat of Dewi & Tauris (2000) to 
al
ulate λCE by �tting to detailed Eggleton-
ode models.The following is taken dire
tly from the 
ode � it has not yet been published.For helium stars a value of λCE = 0.5 is assumed (no �t is yet available). For MS, HGor GB stars
m1 = M (E1)while for CHeB or EAGB
m1 = 100 (E2)then

λ1 = min





3

2.4 + 1

m
3/2
1

− 0.15 log10 L, 0.80



 . (E3)TPAGB stars have
λ1 = −3.5− 0.75 log10 M + log10 L . (E4)For CHeB, EAGB or TPAGB stars then de�ne

λ2 = min (−0.9, 0.58 + 0.75 log10M)− 0.08 log10 L (E5)while for all other stellar types

λ2 = 0 .Then

λ1 =







2λ1 MS, GB ,
2 min(λ1, λ2) CHeB, EAGB ,

2 min [1.0,max(λ1, λ2)] TPAGB .A fra
tion of the ionization energy fion, the BSE default is fion = 0.5, 
an then beintrodu
ed into the envelope. De�ne 273



D Mass-Loss Pres
riptionsD4 KTG93 Initial Mass Fun
tionA

ording to Kroupa et al. (1993) the probability of �nding a star with initial mass m <
Mi ≤ m+ dm is given by ξ(Mi)dm where

ξ(m) =















0 m ≤ m0

a1m
−1.3 m0 < m ≤ 0.5

a2m
−2.2 0.5 < m ≤ 1.0

a2m
−2.7 1.0 < m <∞

. (D14)With m0 = 0.1 M⊙, and the normalization 
ondition

∫ ∞

0

ξ(m)dm = 1 , (D15)gives a1 = 0.29055 and a2 = 0.1557.
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D3 NLWNL and WNE phases The mass-loss rate of Nugis & Lamers (2000) is used:
log(ṀWN/M⊙ yr−1

) = −13.6 + 1.63 log(L/L⊙) + 2.22 logY (D12)where Y is the surfa
e helium abundan
e (by mass fra
tion).WC phase The Nugis & Lamers (2000) mass-loss rate
log(ṀWC/M⊙ yr−1) = −8.3 + 0.84 log(L/L⊙) + 2.04 logY + 1.04 logZ (D13)is used.WO phase A 
onstant rate of 1.9× 10−5 is used.
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D Mass-Loss Pres
riptionsThe total mass-loss rate is the dominant rate from the above 
hoi
es

Ṁ = max(ṀR, ṀVW, ṀNJ, ṀWR) . (D6)A Luminous-Blue-Variable-likemass loss is added for stars beyond the Humphreys-Davidsonlimit (Humphreys & Davidson, 1994),

ṀLBV = 0.1(10−5(R/R⊙)(L/L⊙)0.5 − 1.0)3 ×
(

L

6× 10
− 1.0

)

M⊙ yr−1 (D7)whi
h is added to Ṁ if L > 6× 105 L⊙ and 10−5(R/R⊙)(L/L⊙)0.5 > 1.0.For naked helium stars the WR mass-loss rate is used with µ = 0 to give

Ṁ = max
(

ṀR, ṀWR(µ = 0)
)

. (D8)D2 MMThe MM rates are similar to the enhan
ed mass-loss rates of Maeder & Meynet (1994).Pre-WR evolution The empiri
al mass-loss rate of de Jager, Nieuwenhuijzen & van derHu
ht (1988) is used, but note the extra fa
tor of 2,

− log(−Ṁ/M⊙ yr−1) =

N
∑

n=0

i=n
∑

1=0, j=n−1

aijTi

(

log(Te�/K)− 4.05

0.75

)

Tj

(

log(L/L⊙)− 4.6

2.1

)

,(D9)where

Tj(x) = 2 cos(j arccosx) (D10)and aij are tabulated in de Jager et al. (1988).WNL phase A 
onstant rate of 8× 10 M⊙ yr−1 is used (Conti et al., 1988).WNE, WC and WO phases The theoreti
al mass-loss rate of Langer (1989),
ṀWR = (0.6− 1.0)× 10−7

(

MWR

M⊙

)2.5

M⊙ yr−1 , (D11)is used.D3 NLPre-WR evolution As with the MM mass-loss rate above the de Jager et al. (1988) ratesare used, although without the fa
tor of 2 in eq. (D10).270
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D Mass-Loss Pres
riptionsThe following mass-loss pres
riptions are in
luded here for 
ompleteness. No justi�
ationto the terms is given, for su
h details see Hurley et al. (2002), Dray et al. (2003) and/orreferen
es in
luded below.D1 H02GB and post-GB stars The formula of Kudritzki & Reimers (1978) is used

ṀR = η 4× 10−13 (L/L⊙)(R/R⊙)

(M/M⊙)
M⊙ yr−1 (D1)with η = 0.5.AGB stars The Vassiliadis & Wood (1993) rate

log ṀVW = −11.4 + 0.0125 [P0 − 100 max (M/M⊙ − 2.5, 0.0)] (D2)is applied where P0 is the Mira period pulsation given by

log(P0/d) = min [3.3,−2.07− 0.9 log(M/M⊙) + 1.94 log(R/R⊙)] . (D3)A 
ap (the min [3.3, ...] term) is applied at ṀVW = 1.36 × 10−9(L/L⊙) M⊙ yr−1 tomodel the superwind phase.Massive Stars The rates of Nieuwenhuijzen & de Jager (1990) are applied over the entireHR diagram by

ṀNJ =

(

Z

Z⊙

)0.5

9.6× 10−15(R/R⊙)0.81(L/L⊙)1.24(M/M⊙)0.16 M⊙ yr−1 , (D4)for L > 4000 L⊙, modi�ed by the fa
tor Z0.5 .Small envelopes For µ < 1.0 (see eq. B46 for the de�nition of µ) a Wolf-Rayet-like massloss is in
luded in the form

ṀWR = 10−13L1.5(1.0− µ) M⊙ yr−1 . (D5)269



C HBB Calibration(see �gure C8). It should not be expe
ted that fT = 1.00 is the best �t be
ause in realitythe HBB layer has a temperature pro�le while in the syntheti
 model it does not. Notethat the log10 Tmax limit of 7.95 is disabled for these tests leading to numeri
al problemsat fT = 1.02.

• The �nal 12C is not greatly a�e
ted by temperature 
hanges but fT = 0.98 e�e
tivelyswit
hes o� HBB. Paradoxi
ally fT = 1.02 burns less 12C than fT = 1.01 duringmost of the evolution. This is be
ause fT = 1.02 puts the temperature above the

log10(T/K) = 7.95 limit of appli
ability of the burning 
ode. The best �t is for

fT = 1.0.

• 13C is a�e
ted in a more subtle way. At low temperature more 13C is produ
ed byin
omplete CNO 
y
ling. At the higher temperatures this 13C is 
onverted to 14N.The �nal abundan
es for fT > 1.0 are all similar be
ause CN equilibrium is a
hieved,while for fT < 1.00 there has not been enough 
onversion of 13C to 14N. Again

fT = 1.00 is the best �t.

• The log of the �nal surfa
e abundan
e of nitrogen varies from −2.55 at fT = 0.98(the same as the abundan
e at the start of the TPAGB) to −1.85 at fT = 1.02. Thebest �t is fT = 1.01 although fT = 1.00 is not too bad. For fT ≥ 1.01 nitrogenabundan
es are high owing to ex
essive ON 
y
ling.

• Of the CNO elements, surfa
e oxygen abundan
e varies the most with temperature.For fT ≤ 1.00 there is little 
hange in oxygen abundan
e, just as in the Monashmodels. An in
rease in the value of fT to just 1.02 
auses the surfa
e oxygen abun-dan
e to drop by a fa
tor of 10. This is not seen in the Monash models so a value of

fT = 1.00 is 
ertainly justi�ed while fT = 1.01 also gives too large a drop.
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Figure 1: Sket
h of the CNO bi-
y
le (Ödman, 2004).

C6 Sensitivity to fHBB, fburn and Nrise
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Figure C8: 12C, 13C, 14N and 16O surfa
e abundan
es vs time for Mi = 6 M⊙, Z = 0.02with varying temperature fa
tor 0.98 < fT < 1.02. The solid line is the 
orre-sponding Monash model. The dashed lines represent fT = 0.98 to 1.02 in 0.01in
rements, from top to bottom (+, ×, �, � and ◦ respe
tively). See text fordetails.
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C HBB Calibration
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C6 Sensitivity to fHBB, fburn and NriseC6 Sensitivity to fHBB, fburn and NriseWith the model des
ribed above and an appropriate 
hoi
e of fHBB, fburn and Nrise it ispossible to mat
h the Monash models to the syntheti
 models quite a

urately. Problemso

ur with the �tted values of fHBB, fburn and Nrise be
ause minor deviations in the �t ofthe free parameters produ
e very di�erent output. The sensitivity does not help us pindown unique values for fburn and fHBB owing to their inherent degenera
y. For example if

Nrise is too small then 13C rises and falls too early in the Mi = 6 M⊙ stars. If fburn is evenslightly too small the ON 
y
le does not get swit
hed on1. If fburn is slightly too large thenmore 14N is produ
ed at the expense of 12C and 13C. A slight rise in fHBB 
auses a largerise in HBB produ
ts, espe
ially 14N. The sensitivity to fHBB and fburn is 
ompoundedwhen both are erroneous in the same dire
tion.A 
hange to fHBB a�e
ts the 12C surfa
e abundan
e evolution for Mi = 5 M⊙, Z = 0.02(see �gure C6). An in
reased fHBB better �ts the drop in 12C whi
h o

urs when HBBsets in but by the end of the evolution the surfa
e abundan
es are not very di�erent. Atmost XC12 is wrong by a fa
tor of 1.4 at any point over the entire evolution, while overallit 
hanges by a fa
tor of 5. Final 13C and 14N have a similar s
atter in log10 X of about0.15. These e�e
ts are hardly visible in the 
ase of the Mi = 6 M⊙, Z = 0.02 star and,be
ause no burning o

urs at all at Mi/M⊙ = 4.Alteration of the burning time, fburn, has essentially the same e�e
t as a similar 
hangein fHBB. The ex
eption is oxygen whi
h is burned in the ON 
y
le when fburn is longenough. The amount of 16O burned for Mi = 6 M⊙, Z = 0.02 is small in the Monashmodels (∆ log10XO16 = −0.04). This is about twi
e the size of the spread with ∆fburn =
±0.13 so is not signi�
ant. Signi�
ant oxygen burning o

urs for Mi = 6 M⊙, Z = 0.004but the standard syntheti
 model deals quite well with this (see �gure C7). The 
arbonand nitrogen abundan
es are weakly a�e
ted at Mi = 6 M⊙ but at the transition mass(Mi = 5 M⊙ for Z = 0.02, Mi = 4 M⊙ for Z = 0.004) the surfa
e abundan
e is sensitive to

fburn.In summary, stars in the zone of transition between non-HBB and HBB (Mi = 4 M⊙ for

Z = 0.004, Mi = 5 M⊙ for Z = 0.02) are the most troublesome when it 
omes to errors inthe �t to fHBB and fburn. However this transition is quite sharp, so not too many stars ina population would have the wrong surfa
e abundan
es.C6.1 Temperature sensitivityIf the �t to the temperature of the HBB layer is allowed to vary even by a tiny amount, whilethe other free parameters are kept 
onstant, CNO element produ
tion varies signi�
antly.To show this log10 Tmax is allowed to vary from the �tted value by a fa
tor 0.98 < fT < 1.02,just 2 per 
ent variations (5% in Tmax), and the abundan
e vs time pro�les are 
omparedfor the 
ase Mi = 6 M⊙, Z = 0.02 whi
h would ordinarily undergo large amounts of HBB1This is not a huge problem (ex
ept for Mi > 6 M⊙) be
ause most stars do not 
hange their surfa
eoxygen abundan
e signi�
antly over their lifetime. For Mi > 6 M⊙ and low Z this 
ould be a sour
e ofworry. 265
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Eq. (C9)

aC9 0.51
bC9 −6.6
cC9 169
dC9 5800
eC9 21Table C5: Coe�
ients for Nrise �tting fun
tion.
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C5 Free Parameter Heaven or Hell
Z ↓ M1TP/M⊙ → 3.5 4.0 5.0 6.0 6.50.02 - - ∼ 3 <1 1-23 0.5 1.50.008 ≥ 6 ∼ 6 ∼ 2.5 ∼ 26 6 2.5 20.004 ∼ 6 ∼ 3 < 2 < 16 3 2 1Table C3: Temperature rise fa
tor Nrise for di�erent masses and metalli
ities. The topnumbers (bla
k) are the ranges narrowed down by the MC runs. The numbersbelow (red) are used to �t a relation to M1TP and Z. Nrise is unde�ned for

M1TP < 3.5 M⊙ (be
ause fburn = fHBB = 0).Eq. (C8) for fburn Eq. (C8) for fHBB
a 4.4174 −0.10852
b 0.83381 0.93068
c −6967.1 −1072.4
d 143.62 40.997
e 96.155 65.438
f 3.7466 3.9181Table C4: Coe�
ients for fburn and fHBB Fermi fun
tions.Coe�
ients are given in table C4. The fC8 parameter for fHBB or 106fburn is then given by

max(fC8, 0.0). Nrise is �tted to a quadrati
 in M1TP and z = min(Z,0.02)

Nrise = max (aC9(M1TP/M⊙)2 + bC9(M1TP/M⊙) +

cC9z + dC9z
2 + eC9, 0) . (C9)Coe�
ients are given in table C5. The maximum value for Z is ne
essary to maintainthe behaviour of the fun
tion at higher metalli
ity. Equation (C9) rea
hes a minimumvalue at around M1TP = 6 M⊙ and is assumed to be valid for masses higher than this. For

Z < 0.004 some immediate burning of dredge-up material is in
luded.
263
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Z ↓ M1TP/M⊙ → 3.5 4.0 5.0 6.0 6.50.02 - - 0.1-0.5 0.5-0.6 0.4-1.00.3 0.55 0.70.008 0 <0.2 0.6-1.0 0.8-1.00 0.1 0.8 0.90.004 0 0.15-0.5 0.5-1.0 0.8-100 0.3 0.75 0.9Table C1: Burning time 106fburn as a fra
tion of the interpulse period for di�erent massesand metalli
ities. The top numbers (bla
k) are the ranges narrowed down bythe MC runs. The numbers below (red) are used to �t a relation to M1TP and

Z. fburn = 0 for M1TP < 3.5 M⊙.

Z ↓ M1TP/M⊙ → 3.5 4.0 5.0 6.0 6.50.02 - - 0.1-0.4 0.65 0.3-1.00.25 0.65 0.70.008 0 0.1-0.2 0.4-1.0 0.7-1.00 0.15 0.7 0.850.004 <0.1 0.1-0.5 0.8-1.0 0.75-1.00.1 0.3 0.9 0.85Table C2: Envelope mass fra
tion exposed to HBB, fHBB for di�erent masses and metalli
-ities. The top numbers (bla
k) are the ranges narrowed down by the MC runs.The numbers below (red) are used to �t a relation to M1TP and Z. fHBB = 0for M1TP < 3.5 M⊙.C5 Free Parameter Heaven or HellThe results of the Monte-Carlo runs for ea
h star are shown in tables C1, C2 and C3.Ranges are given when the MC te
hnique 
annot distinguish a unique solution. In su
h
ases a value is 
hosen that aids the �t of the free parameter to M1TP and Z or su
h that
106fburn ≈ fHBB. The 
hosen value is shown under the range. If the value is �-� then thereis no HBB so fDUP = fburn = 0.0. Where no value is given there is no Monash model withwhi
h to 
ompare. It is not possible to use the best MC values for every star be
ause thereis too mu
h non-systemati
 s
atter.The values for fHBB and fburn are zero forM1TP < 3.5 M⊙ with a step up to about 0.9 at
M1TP ≈ 4.5 M⊙ and a slight metalli
ity dependen
e. These 
an be reasonably well �ttedto a fun
tion fC8 similar to a Fermi fun
tion

fC8 =
(aC8Z + bC8)

1 + (cC8Z + dC8)(eC8Z+gC8−M1TP/M⊙)
. (C8)262
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Time / 105 yrsFigure C5: Syntheti
 model output showing the surfa
e 12C, 13C and 14N abundan
e for

Mi = 4 M⊙, Z = 0.004 (dot-dashes), 0.012 (dashes) and 0.02 (solid line). For

Z = 0.004 there is HBB after a delay of about 15 pulses but for higher metal-li
ity there is no HBB at all.peak in 13C at the onset of pulses, rather if HBB o

urs at all it o

urs after many pulses(see �gure C5). Large amounts of CNO-pro
essed produ
ts 
an still be produ
ed.For Mi = 4 M⊙ fHBB ≈ 0.1 and 106fburn ≈ 0.1 but the MC te
hnique 
annot isolateregions of parameter spa
e for stars in whi
h little or no HBB o

urs (Z > 0.008). Alarge value of Nrise ≥ 3 − 6 simulates the late start of HBB. No dredged-up material isimmediately burned (fDUP = 0.0, fDUP,burn = 0.0).C4 Mi . 3.5 M⊙No HBB o

urs in stars with Mi ≤ 3.5 M⊙ with the ex
eption of Z = 0.0001. Thusfor Mi ≤ 3.5 M⊙, fburn = fHBB = 0 and Nrise = 0. In the low-mass and low-Z starsthere is produ
tion of 13C and 14N at ea
h pulse. This indi
ates CNO burning duringdredge-up or in
omplete mixing during the He-shell �ash. To simulate this, for Z < 0.004,

fDUP,burn = 3× 10−6 and

fDUP = 10−3 max(1− 250Z, 0)(1 +
3.7

1 + 0.127−21Mi ) (C7)to give a value about 3.5 times larger for Mi > 1.5 M⊙ than for Mi < 1.5 M⊙.
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h hot-bottom burningis a
tive, fburn, for 20 bins in the range 0 < 106fburn < 10 (left panel) and 0bins in the range 0 < 106fburn < 2 (right panel) when Mi = 6.0 M⊙, Z = 0.02.Error bars are Poisson (statisti
al) errors.The values of fburn and fHBB are extra
ted from the one dimensional plots of MC s
orevs fburn and fHBB. An additional term is in
luded in the s
ore to mat
h the shape ofthe abundan
e 
urve for 13C. This is a useful 
onstraint be
ause this shape (�gure C4) isvery dependent on the burn time fburn. If fburn is too high the smooth bell-shape a
rossthe interpulse period is lost while, if it is too low, not enough 13C is 
onverted to 14Nduring ea
h interpulse period. Figure C2 shows the MC s
ore distribution of fburn for

Mi = 6 M⊙, Z = 0.02. The peak is at 106fburn ≈ 0.8. For Mi = 5 M⊙, Z = 0.02, fHBBand 106fburn drop to about 0.3 be
ause there is less hot-bottom burning. This drop-o�o

urs somewhere between Mi = 4 M⊙ and Mi = 5 M⊙ for Z = 0.008 and at Mi = 4 M⊙for Z = 0.004 re�e
ting the fa
t that the lower metalli
ity stars are more 
ompa
t so the
onve
tive turnover time is smaller, more mixing o

urs and the temperature and densityare higher at the base of the 
onve
tive envelope.The temperature-rise fa
tor Nrise is of order 1�2 for these strongly hot-bottom burningstars. The e�e
t of this fa
tor is seen mainly in 13C with a spike in the surfa
e abundan
eas shown in �gure C4. An initial rise in 12C is not visible atMi = 6 M⊙ but is byMi = 5 M⊙indi
ative of HBB beginning only after a few pulses. No dredged-up material is immediatelyburned (fDUP = 0, fDUP,burn = 0).C3 Mi ≈ 4 M⊙Stars around Mi = 4 M⊙ are in a transition zone where hot-bottom burning is not verye�e
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ur at low metalli
ity. There is no immediate drop in 12C and asso
iated259



C HBB Calibration

 50

 100

 150

 200

 250

 300

 0  1  2  3  4  5  6  7  8  9  10

fburn x 106

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

f H
B

B

Figure C1: Monte Carlo s
ore (light is best, dark is worst) for varying fHBB and fburn when

Mi = 6M⊙, Z = 0.02. The relation fHBB ≈ (106fburn)−1 
an be seen to beapproximately true.where ∆t is the burning time. In the syntheti
 model fHBB is used to parameterize theburning su
h that ∆Mburn = MenvfHBB and ∆t = τipfburn giving

Mexp = MenvfHBBfburn , (C3)from whi
h it 
an be seen that in
reasing fHBB while de
reasing fburn will give the same

Mexp.An approximate value for Mexp 
an be 
al
ulated from the Monash models. Let ∆t =
τ
(∆MHBB/Menv), where τ
 is the 
onve
tive turnover time, and ∆Mburn = ∆MHBB whi
h
orrespond to the true values expe
ted for ∆t and ∆Mburn. ∆MHBB is about 10−4 M⊙ (seese
tion 2.7), while τ
 
an be found from the Monash models and is of the order of 1 yearfor Mi = 5 M⊙, Z = 0.02. Substituting into eq. (C2) gives

Mexp/M⊙ ≈ 1

τip ∆MHBB

Menv τ
∆MHBB (C4)
≈ 1

104
× 10−4

5
× 1× 10−4 ≈ 10−5 . (C5)A 
omparison with eq. (C3) with Menv ≈ 5 M⊙ gives

fHBBfburn ≈ 10−6 . (C6)This is not a

urate enough to use as a 
onstraint, be
ause the values for τip, τ
, ∆MHBB,
Menv et
. 
hange from pulse to pulse and star to star, but does explain the results of theMC runs. The expe
ted fHBB ≈ (106fburn)−1 behaviour 
an be seen in the plot of fHBB vs
fburn in �gure C1.258
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C HBB CalibrationPrevious authors (e.g. Groenewegen & de Jong, 1993) have used 
onstant values for fHBB,

fburn, fDUP and fDUP,burn, with a di�erent pres
ription for the temperature (not requiring

Nrise). Here these values are �tted to M1TP and Z.C1 Calibration methodA Monte-Carlo (MC) method is used to test the above free parameters with ranges 0.0 <
fHBB < 1.0, 0.0 < 106fburn < 10.0 and 0 < NTrise < 20. The parameters fDUP and fDUP,burnare 
hosen to be zero and are only in
reased when ne
essary.A weighted sum of squares is 
onstru
ted from the Monash model nu
leosynthesis datavs the 
orresponding syntheti
 nu
leosynthesis data to enable 
omparison between MCmodel runs. A s
ore = (

∑iwisi)−1 is de�ned su
h that higher numbers mean a better �twhere the weights are wi = (wC12, wC13, wN14, wO16, wC/O, wC12/C13) = (1, 10, 1, 1, 5, 5) and

si is the sum of squares di�eren
e between the Monash model and syntheti
 model for theisotope (or ratio) i. The ratios XC12/XC13 and XC/XO are weighted preferentially be
ausethese are important observed nu
leosyntheti
 
onstraints on AGB stars. 13C is also boostedbe
ause its abundan
e is small. 1D sli
es and 2D proje
tions of the resulting parameterspa
e are then examined and 
ompared with the best �t obtained by this method. Humanintervention 
omes last but proves invaluable when trying to �t the details.C2 Mi & 5 M⊙The Monash models for Mi & 5 M⊙ show strong hot-bottom burning at all metalli
ities.This is modelled with a high value for both fburn and fHBB. When CNO rea
hes equilibriumthere is degenera
y between fburn and fHBB be
ause it is possible to in
rease the amount ofenvelope burned at the expense of the burning time and obtain roughly the same amount ofhot-bottom burning. This 
an be quanti�ed in the following way: de�ne the mass exposedto hot-bottom burning in an interpulse period as

Mexp =
1

τip ∫ τip

0

∆Mburndt , (C1)where ∆Mburn is the amount of matter burned in time dt. This 
an be approximated as

Mexp ≈ 1

τip∆Mburn∆t , (C2)257



1 Introdu
tionWe used to think that if we knew one, we knew two, be
ause one and one are two.We are �nding that we must learn a great deal more about 'and'. Arthur Eddington1.1 The Popular-S
ien
e BlurbOne star is trouble enough! We think we know one parti
ular star in detail, the Sun. Fromthe earliest measurements of sunspots to www.spa
eweather.
om, we think we know aboutthe Sun. We know, although the author of this dissertation does not. Certainly he doesnot understand exa
tly how 
onve
tion works in the Sun despite his years of admirationof 
onve
tion on the Earth. What 
auses the 
oronal mass eje
tions? Where does themagneti
 �eld 
ome from? Why does it �ip every eleven years? Why did we, on Earth,get blasted by the strongest ever re
orded solar �ares last month when the solar 
y
le isnear a minimum? Many questions remain unsolved, even for our nearest star.Despite this, a

urate models of the Sun 
an be made with some relatively simple as-sumptions. Spheri
al symmetry, lo
al thermodynami
 equilibrium, 
onservation of massand negle
t of radial a

eleration lead to a reasonable Solar model. It remains to determinewhere the radiation that keeps the Sun luminous a
tually 
omes from and how it gets out.The sour
e is the nu
lear pyre burning in the 
ore whi
h primarily, as far as the energybudget is 
on
erned, 
onverts hydrogen to helium � a pro
ess 
alled nu
leosynthesis. Mat-ter is 
onverted to energy at a rate L⊙/c
2 ≈ 4.3× 109 kg s−1 in a 
ore with temperature inex
ess of 1.5×107 K and a pressure of about 250×109 atmospheres. This energy generationrate is unimaginably huge, but to burn the whole Sun, of total mass 1 M⊙ ≈ 2× 1030 kg,to helium at this rate would take 2× 1012 years.How does the energy get out from the 
ore? The photons 
an 
arry energy by di�usionthrough the Solar matter for most of their journey to the surfa
e, a pro
ess so slow it 
antake millions of years for a photon to es
ape. For the �nal third or so of their journey to thesolar surfa
e, measured by the amount of mass they have travelled through relative to 1 M⊙,energy is transferred by a mu
h faster method, 
onve
tion. This is similar to thunderstormson Earth. For most of the year, solar energy is transferred verti
ally upwards from theground by either di�usion or adve
tion. However, in the summer the rate of heating ofthe ground ex
eeds the amount whi
h 
an be 
arried upwards by these me
hanisms. Theair be
omes unstable to 
onve
tive motion. Hot, rare�ed blobs of air rise while 
ool, denseblobs fall and violent weather systems result. The rate of verti
al motion in these systems
an be many metres per se
ond, 
ompared to the tranquil 
entimetres per se
ond asso
iatedwith adve
tive weather systems. The rate of energy �ow, be
ause energy moves with the1



1 Introdu
tionhot blobs, is similarly in
reased. Solar 
onve
tion is not so di�erent. The outer layersare 
ooler than the 
ore so their opa
ity, the measure of how resistant a gas is to light,rises. This impedes the �ow of photons by di�usion so the only viable method of energytransport is 
onve
tion. A simple model of 
onve
tion is employed in models of stars,usually 
alibrated to this solar 
onve
tion zone.Models of the Sun in
orporate all the above features and with tweaking of some freeparameters all sorts of aspe
ts of the Sun 
an be 
al
ulated su
h as its luminosity � bothin photons and neutrinos � and 
omposition. Be
ause this 
omposition varies as hydrogenburns to helium we 
an model a series of snapshots in time and eventually 
reate a wholeevolutionary sequen
e � starting from a ball of gas and ending with the death of the star.Thus stellar evolution is born. We estimate the Sun is about 4.5 × 109 years old, whi
hagrees well with geologi
al eviden
e. We know it is brightening as it ages. We also knowit will expand to form a red giant in about 6 thousand million years, perhaps swallowingthe Earth as it does so.So mu
h for our one star. There are other ones out there. What about those? Humanshave been observing stars for thousands of years, the earliest to do so were probably theChinese although the Babylonians, were they around today, would also stake a 
laim. Su
hobservations tell us there is a menagerie of stars of di�erent 
olour and brightness. Later,astronomers analyzed spe
tra of the light from these stars to reveal they are basi
ally bla
kbody emitters, but have both absorption and emission lines. These lines are indi
ative ofthe 
hemistry on the surfa
e of the star. In 1868 observations of stellar absorption linesin the Sun's spe
trum by Frankland & Lo
kyer led them to suggest the presen
e of a newelement, whi
h he 
alled helium. It was not until 1895 that 
hemists �nally isolated thegas in the laboratory (Ramsay, Collie & Travers, 1895). Other lines 
orresponding toisotopes of 
arbon, oxygen, magnesium, sulphur, sili
on and other metals are 
ommonlyobserved. In some red giant stars heavy-metal oxides and organi
 mole
ules have beendete
ted. In some of the 
oolest stars there is more 
arbon than oxygen, very di�erentto the solar C/O ratio of about 0.4. In these same stars te
hnetium has been observed.This element is radioa
tive with a lifetime of 2.5× 105 years so what we are seeing is real-time nu
leosynthesis. There is something going on inside these other stars whi
h does nothappen in the Sun. It turns out that the initial mass of the star is the key to its evolution,with its initial 
omposition also playing a part.But then there is one and one � whi
h is usually two! Most stars exist in some kind ofmultiple system, 57% a

ording to Duquennoy & Mayor (1991). What is the e�e
t of a
ompanion star? This depends on a number of fa
tors. Most important are the masses ofthe stars, 
onventionally measured in solar units, and the orbital period, or alternatively,the separation be
ause they are related by Kepler's law. If the separation is large enoughthat the stars do not intera
t then their evolution is not a�e
ted and they behave likesingle stars. However, many binary systems have stars whi
h are 
lose enough to intera
twith ea
h other. This usually happens when one of the stars be
omes very large, su
h asduring the red giant phase of evolution. Matter 
an leave the surfa
e of the larger starand �ow on to the 
ompanion, a pro
ess known as Ro
he-Lobe Over�ow (RLOF). Su
hmass loss tends to make the mass-losing star expand further and so mass loss 
ontinues.2

B11 Binary Star Explosions - SNeIa and Novae
27Al = 10−5×max(0.0, ((1.7186×10+1)×fnov+(−2.8691×10+3)×MWD+(3.0188×10+3)))(B288)

28Si = 10−5 ×max(0.0, ((7.3982× 10+1)× fnov + (8.9046× 10+2))) (B289)
29Si = 10−5×max(0.0, ((1.3145×10+1)×MWD+(−1.3624×10+1))×(fnov+(−1.1926×10+1)))(B290)
30Si = 10−5×max(0.0, ((1.0588×10+2)×MWD+(−1.1518×10+2))×(fnov+(−1.6289×10+1)))(B291)

31P = 10−5 ×max(0.0, ((1.2395× 10+1)× fnov + (−3.5799× 10+2))) (B292)

32S = 10−5×max(0.0, ((6.761×10+1)×MWD+(−7.4808×10+1))×(fnov+(3.8548×10+1)))(B293)

33S = 10−5 ×max(0.0, ((3.38080)× fnov + (1.3794× 10+1))) (B294)

34S = 10−5 ×max(0.0, ((1.2892× 10+3)×MWD + (−1.429× 10+3))) (B295)

35Cl = 10−5 ×max(0.0, ((−3.6338× 10−1)× fnov + (1.3213× 10+2))) (B296)

36S = 10−5 ×max(0.0, ((−1.2405× 10−2)×MWD + (1.7831× 10−2))) (B297)

36Ar = 10−5×max(0.0, ((1.5232×10−1)×MWD+(−1.68×10−1))×(fnov+(4.0688×10+3)))(B298)

37Cl = 10−5 ×max(0.0, ((−4.965× 10−2)× fnov + (6.82040))) (B299)

38Ar = 10−5 ×max(0.0, ((−2.334× 10−2)× fnov + (2.56750))) (B300)

39K = 10−5×max(0.0, ((−5.8502×10−3)×fnov+(9.7249×10−1)×MWD+(−6.0058×10−1))) .(B301)
255



B Analyti
 Fits

1H = 10−5×max(0.0, ((−7.0198×10+2)×fnov+(−2.1871×10+4)×MWD+(8.9608×10+4)))(B266)

3He = 10−5 ×max(0.0, ((2.8285× 10−4)× fnov + (−8.8654× 10−3))) (B267)

4He = 10−5×max(0.0, ((−2.9356×10+2)×fnov+(1.7871×10+4)×MWD+(1.4567×10+4)))(B268)

7Be = 10−5×max(0.0, ((1.1681×10−2)×MWD+(−1.1033×10−2))×(fnov+(−2.4826×10+1)))(B269)

11B = 10−5×max(0.0, ((3.4842×10−5)×MWD+(−4.0007×10−5))×(fnov+(−4.7973×10+1)))(B270)

12C = 10−5 ×max(0.0, ((2.8398× 10+3)×MWD + (−1.2506× 10+3))) (B271)

13C = 10−5 ×max(0.0, ((7.20260)× fnov + (1.9999× 10+3))) (B272)

14N = 10−5×max(0.0, ((6.6635×10−1)×MWD+(−3.6999×10−1))×(fnov+(7.1937×10+3)))(B273)

15N = 10−5×max(0.0, ((5.1408×10+2)×MWD+(−5.4313×10+2))×(fnov+(1.4193×10+1)))(B274)

16O = 10−5×max(0.0, ((3.7238×10+2)×fnov+(−4.8613×10+4)×MWD+(4.8786×10+4)))(B275)

17O = 10−5 ×max(0.0, ((7.2463× 10+1)× fnov + (−9.5368× 10+2))) (B276)

18O = 10−5 ×max(0.0, ((−3.6582× 10+1)×MWD + (5.1806× 10+1))× (fnov + (4.61820)))(B277)

19F = 10−5×max(0.0, ((3.1613× 10−2)× fnov + (6.08890)×MWD + (−7.44170))) (B278)

20Ne = 10−5×max(0.0, ((3.3536×10+2)×fnov+(−7.9159×10+3)×MWD+(9.8141×10+3)))(B279)

21Ne = 10−5×max(0.0, ((2.5073×10−1)×MWD+(−2.2038×10−1))× (fnov+(−7.27060)))(B280)
22Na = 10−5 ×max(0.0, ((3.16800)×MWD + (−3.36720))× (fnov + (−4.18600))) (B281)

22Ne = 10−5×max(0.0, ((−1.4955×10+1)×MWD+(2.0984×10+1))×(fnov+(−1.1821×10+1)))(B282)
23Na = 10−5×max(0.0, ((3.8757×10+1)×MWD+(−3.8618×10+1))×(fnov+(−1.6515×10+1)))(B283)
24Mg = 10−5×max(0.0, ((3.4114× 10−1)×MWD + (2.61060))× (fnov + (−3.6483× 10+1)))(B284)
25Mg = 10−5×max(0.0, ((1.4668×10+1)×fnov+(−1.4336×10+3)×MWD+(1.4242×10+3)))(B285)
26Al = 10−5 ×max(0.0, ((4.00780)× fnov + (−5.1138× 10+2)×MWD + (5.2138× 10+2)))(B286)
26Mg = 10−5×max(0.0, ((2.02750)×fnov+(−8.682×10+1)×MWD+(5.597×10+1))) (B287)
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1.1 The Popular-S
ien
e BlurbThe smaller star usually 
annot a

ept the matter �owing on to it and the stars' envelopesmerge to form a 
ommon envelope. The fate of the stars after this depends on whethertheir 
ores merge � the 
ase of one and one is one � or perhaps they survive as individualsand the envelope is lost from the system. This latter possibility is a 
ru
ial step to theprogenitor of a type Ia supernova (SNIa). These thermonu
lear explosions are 
riti
al toour understanding the expansion rate of the Universe and are the main sour
e of iron inthe Universe.Intera
tion 
omes in other forms. Some stars have strong stellar winds, perhaps up to

10−3 M⊙ yr−1. The 
ompanion star travels in the wind, probably a

reting some of it. Butwhat if they have a wind themselves? Then the winds intera
t, sho
k and perhaps mix.Stars with these strong winds tend to be quite evolved and may have interesting surfa
e
hemistry, whi
h pollutes the 
ompanion star. Barium stars, with strong Ba lines in theirspe
tra, are thought to be made by this method. Explosions also tend to 
ompli
atematters. Apart from SNeIa there are also type Ib, I
 and II supernovae whi
h result fromexplosions of stars initially eight or more times as massive as the Sun � or, in the 
aseof binaries, perhaps from mergers of smaller stars. Su
h explosions are major sour
es of
arbon, oxygen, neon, magnesium, sulphur and iron. Sometimes a

retion of matter on toa very 
ompa
t old star known as a white dwarf (WD) leads to thermonu
lear explosions
alled novae, whi
h are sour
es of minor isotopes su
h as 13C, 15N and 17O.Most of the stars we 
an identify exist in our Galaxy, the Milky Way, a vast gravitation-ally bound system of about 1011 stars, most of whi
h lie in a disk about 7× 105 light yearsa
ross. The e�e
t of stars on the 
hemistry of the Galaxy is the realm of Gala
ti
 Chem-i
al Evolution (GCE) models. The �rst generation of stars had abundan
es of primordialmatter left over from the Big Bang, about 76% hydrogen, 24% helium and a tiny fra
tionof heavier isotopes, whi
h are known in astronomy as the metals. The fra
tion of thesemetals in matter, as measured by mass, is known as the metalli
ity and is denoted bythe symbol Z, while the mass fra
tions of hydrogen and helium are denoted by X and

Y respe
tively so X + Y + Z = 1. The �rst stars had Z = 0. They formed, grew oldand lost their material, by wind or explosion, to the region between the stars known as theInterstellar Medium (ISM). The ISM 
ontains the gas from whi
h later generations of starsform. Importantly, the primordial stars pro
ess their hydrogen (and helium) in their 
ores,
onverting them to heavier isotopes su
h as helium, 
arbon, oxygen and iron. The masslost from the stars has a far higher Z than the input matter � for example the matter froma type Ib (I
) supernova 
ontains no hydrogen (or helium) at all. But the next generationof stars does not form dire
tly from the pro
essed material, rather there is dilution withthe primordial material. The ISM material then goes on to form new stars with the mixedmaterial and the 
y
le 
ontinues. The Sun has a metalli
ity Z = 0.02, so 2% of it is nothydrogen or helium. This metalli
ity is typi
al of Gala
ti
 disk stars, known as PopulationI. There is another population, imaginatively named Population II, with Z ≈ 0.001 whi
hinhabits a halo around the Galaxy. Population III stars have Z = 0 and are 
urrently atheoreti
al 
onstru
t � none has been observed.The amount of ea
h parti
ular 
hemi
al isotope expelled from a star during its lifetime isits 
hemi
al yield. The yield is a fun
tion of a star's initial mass and 
omposition. Stellar-3



1 Introdu
tionevolution models are required to make these 
al
ulations for a wide range of initial Z, fromzero to perhaps twi
e solar. Models of the Galaxy whi
h take into a

ount produ
tionand dilution of helium and metals and star formation from the interstellar gas are then
onstru
ted. The 
al
ulated 
hemi
al yields are a dire
t input to these GCE models. Theyields are fun
tion of M , t and Z where M is the mass of the star and t is time sin
e itsbirth.The problem with the above s
enario is that these stars are all assumed to be singlestars � an approximation whi
h does not look good when 60−80% of stars are in multiplesystems! Some of the binaries are wide systems and so do not intera
t, but this still leavesmany in 
lose binaries, most of whi
h intera
t in some way during their lifetimes. Whatis the e�e
t of having a 
ompanion star on the stellar yield? This is the primary questionaddressed in this work.It should be noted at this point that in a system 
ontaining three or more stars, thesystem 
an usually only survive if it is hierar
hi
al. Triples make up 9% and quadruples

2% of solar-type stars (Abt & Levy, 1976). In a system of three stars, two of them are ina 
lose binary and the third orbits at some mu
h larger distan
e. Similarly for a four-starsystem there are probably two 
lose binaries.

4

B11 Binary Star Explosions - SNeIa and Novae
22Na = 10−5×max(0.0, ((−4.9237×10−4)×fnov+(1.0045×10−3)×MWD+(4.7887×10−2)))(B245)
22Ne = 10−5×max(0.0, ((1.011×10+1)×fnov+(−8.5547×10+1)×MWD+(7.1204×10+1)))(B246)
23Na = 10−5×max(0.0, ((−2.6158×10−2)×MWD+(4.0585×10−2))×(fnov+(1.5067×10+2)))(B247)
24Mg = 10−5×max(0.0, ((9.0846×10−3)×fnov+(−1.4289×10+1)×MWD+(1.6798×10+1)))(B248)

25Mg = 10−5 ×max(0.0, ((−5.0879× 10+1)×MWD + (7.297× 10+1))) (B249)

26Al = 10−5×max(0.0, ((−2.6911×10−3)×fnov+(9.06690)×MWD+(−6.71080))) (B250)

26Mg = 10−5 ×max(0.0, ((−9.79150)×MWD + (1.2496× 10+1))) (B251)

27Al = 10−5×max(0.0, ((−1.3868×10−1)×fnov+(2.4911×10+1)×MWD+(−1.1496×10+1)))(B252)

28Si = 10−5 ×max(0.0, ((−1.34920)× fnov + (8.1937× 10+1)×MWD + (2.4719× 10+1)))(B253)

29Si = 10−5×max(0.0, ((2.6524×10−2)×MWD+(−4.9313×10−2))×(fnov+(−1.1586×10+2)))(B254)

30Si = 10−5×max(0.0, ((−5.7586×10−2)×MWD+(1.7187×10−2))×(fnov+(−8.7219×10+1)))(B255)

31P = 10−5 ×max(0.0, ((−8.3059× 10−3)× fnov + (8.2235× 10−1))) (B256)

32S = 10−5 ×max(0.0, ((−3.8675× 10−1)× fnov + (−1.62480)×MWD + (4.0831× 10+1)))(B257)

33S = 10−5×max(0.0, ((−2.8742×10−2)×MWD+(1.8421×10−2))×(fnov+(−7.8546×10+1)))(B258)

34S = 10−5 ×max(0.0, ((−1.8795× 10−2)× fnov + (−9.8219× 10−3)×MWD + (1.87800)))(B259)

35Cl = 10−5×max(0.0, ((−3.2658×10−3)×fnov+(8.5558×10−2)×MWD+(2.1291×10−1)))(B260)

36S = 10−5×max(0.0, ((−9.0210−5)× fnov + (−4.4866× 10−4)×MWD + (9.6037× 10−3)))(B261)

36Ar = 10−5×max(0.0, ((−7.7522× 10−2)× fnov + (−4.2416× 10−2)×MWD + (7.79590)))(B262)

37Cl = 10−5×max(0.0, ((−1.0046×10−3)×fnov+(1.8348×10−2)×MWD+(7.6208×10−2)))(B263)

38Ar = 10−5 ×max(0.0, ((−1.6591× 10−2)× fnov + (1.6964× 10−2)×MWD + (1.59170)))(B264)

39K = 10−5×max(0.0, ((−3.4934×10−3)×fnov+(2.969×10−3)×MWD+(3.4329×10−1)))(B265)while for ONeWDs
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B Analyti
 FitsIsotope Yield . . .

12C 8.99× 10−3 25Mg 2.66× 10−5 36Ar 2.41× 10−2 48Ti 6.11× 10−4 58Fe 3.23× 10−3

13C 3.30× 10−7 26Mg 2.59× 10−5 38Ar 9.90× 10−4 49Ti 4.39× 10−5 59Co 6.25× 10−4

14N 2.69× 10−4 27Al 2.47× 10−4 40Ar 5.19× 10−9 50Ti 3.51× 10−4 58Ni 4.29× 10−2

15N 5.32× 10−7 28Si 2.06× 10−1 39K 5.67× 10−5 50V 9.33× 10−9 60Ni 1.15× 10−2

16O 6.58× 10−2 29Si 3.40× 10−4 41K 4.52× 10−6 51V 1.16× 10−4 61Ni 3.58× 10−4

17O 4.58× 10−6 30Si 6.41× 10−4 40Ca 2.43× 10−2 50Cr 3.53× 10−4 62Ni 3.69× 10−3

18O 6.35× 10−7 31P 1.60× 10−4 43Ca 2.22× 10−7 52Cr 1.37× 10−2 64Ni 2.31× 10−4

19F 4.50× 10−10 32S 1.22× 10−1 44Ca 2.95× 10−5 53Cr 1.38× 10−3 63Cu 4.88× 10−6

20Ne 6.22× 10−4 33S 1.92× 10−4 46Ca 4.73× 10−9 54Cr 1.60× 10−3 65Cu 2.04× 10−6

21Ne 1.39× 10−6 34S 2.04× 10−3 48Ca 1.64× 10−6 55Mn 7.05× 10−3 64Zn 3.10× 10−5

22Ne 4.21× 10−4 36S 1.31× 10−7 45S
 2.09× 10−7 54Fe 5.91× 10−2 66Zn 6.42× 10−5

23Na 2.61× 10−5 35Cl 7.07× 10−5 46Ti 1.12× 10−5 56Fe 7.13× 10−1 67Zn 6.55× 10−7

24Mg 4.47× 10−3 37Cl 2.26× 10−5 47Ti 1.56× 10−6 57Fe 1.67× 10−2 68Zn 8.81× 10−8Table B22: MCh SNIa yields of Iwamoto et al. (1999)'s DD2 model.

4He = 10−5×max(0.0, ((−3.1323×10+2)×fnov+(8.8501×10+3)×MWD+(2.2102×10+4)))(B232)

7Be = 10−5 ×max(0.0, ((1.52750)×MWD + (−1.16350))) (B233)

11B = 10−5×max(0.0, ((−3.1665×10−8)×fnov+(6.4289×10−6)×MWD+(−4.0634×10−6)))(B234)

12C = 10−5×max(0.0, ((9.0502×10+1)×fnov+(1.0682×10+3)×MWD+(−1.0916×10+3)))(B235)

13C = 10−5×max(0.0, ((−2.6658×10+1)×MWD+(3.3122×10+2))×(fnov+(−1.2685×10+1)))(B236)
14N = 10−5×max(0.0, ((1.2205×10+2)×fnov+(−3.0464×10+3)×MWD+(8.0772×10+3)))(B237)

15N = 10−5 ×max(0.0, ((8.5541× 10+3)×MWD + (−6.9567× 10+3))) (B238)
16O = 10−5×max(0.0, ((5.05× 10+2)× fnov + (−1.1864× 10+4)×MWD + (9.751× 10+3)))(B239)
17O = 10−5×max(0.0, ((3.1153×10+1)×MWD+(−2.2047×10+1))×(fnov+(7.1595×10+1)))(B240)
18O = 10−5 ×max(0.0, ((−1.42700)× fnov + (9.8591× 10+2)×MWD + (−6.7039× 10+2)))(B241)
19F = 10−5×max(0.0, ((8.7752×10−4)×MWD+(−6.6271×10−4))×(fnov+(8.7528×10+2)))(B242)
20Ne = 10−5 ×max(0.0, ((−1.72370)× fnov + (4.8452× 10+1)×MWD + (1.2615× 10+2)))(B243)
21Ne = 10−5×max(0.0, ((−1.8884×10−4)×fnov+(3.8205×10−2)×MWD+(−2.0585×10−2)))(B244)252

1.2 Stellar Evolution and Nu
leosynthesis1.2 Stellar Evolution and Nu
leosynthesisCarter: "Well, that means something inside this pyramid is slowing down neu-trinos. Normally neutrinos pass right through ordinary matter, no matterhow dense. I mean, something like �ve hundred million billion just passedthrough you."O'Neill: "No matter how dense." Stargate �Crystal Skull�The evolution of single stars depends primarily on two things, the initial mass, M , andmetalli
ity, Z. The star 
ommen
es its life as a ball of gas. It 
ollapses under its owngravity until it is hot and dense enough to ignite hydrogen in the 
ore. The heat andpressure generated by nu
lear burning 
ountera
ts gravity, halts the 
ollapse and a star isborn. The following dis
ussion is for solar metalli
ity stars, Z = Z⊙ = 0.02, although forstars 
onsidered in this work, with 10−4 ≤ Z ≤ 0.03, the basi
 ideas are the same.The lightest isotope, and the �rst to provide a signi�
ant energy sour
e, is hydrogen,

1H, whi
h is burned to helium, 4He. There are two ways to burn hydrogen, the pp 
hainand the CNO 
y
le. The pp 
hain operates at lower temperatures than the CNO 
y
le andfollows one of the following rea
tion 
hains

1H +1H −→ 2D + e+ + ν , (1)

2D +1H −→ 3He + ν , (2)then either the pp-I 
hain

3He +3He −→ 4He + 2 1H (3)or the pp-II 
hain
3He +4He −→ 7Be + γ (4)

7Be + e− −→ 7Li+ ν (5)

7Li + p −→ 2 4He (6)or the pp-III 
hain

3He +4He −→ 7Be + γ (7)

7Be + p −→ 8B + γ (8)

8B −→ 8Be + e+ + ν (9)5



1 Introdu
tion CN bi-
y
le ON bi-
y
le

12C + p −→ 13N + γ 14N + p −→ 15O + γ
13N −→ 13C + e+ + ν 15O −→ 15N + e+ + ν
13C + p −→ 14N + γ 15N + p −→ 16O + γ
14N + p −→ 15O + γ 16O + p −→ 17F + γ

15O −→ 15N + e+ + ν 17F −→ 17O + e+ + ν
15N + p −→ 12C +4He 17O + p −→ 14N +4He

12C + 4p −→ 12C +4He + 2e+ + 2ν + 3γ 14N + 4p −→ 14N +4He + 2e+ + 2ν + 3γTable 1: The CNO 
y
le nu
lear rea
tions. The left and right 
olumns separate the twohalves of the bi-
y
le. The bottom row shows the net result of the bi-
y
les.then

8Be −→ 2 4He . (10)All three 
hains 
onvert four protons to one helium nu
leus, albeit by di�erent routes.The three di�erent 
hains operate at rates whi
h are fun
tions of the temperature and
omposition. For X = Y the pp-I 
hain dominates at temperatures below 1.3× 107 K andabove 3× 107 K the pp-III 
hain a
tivates while between the two pp-II is most important.The energy liberated is 
al
ulated from ∆E = ∆M c2 ≈ 26.7MeV per helium nu
leus,where ∆M is the mass di�eren
e between four hydrogen nu
lei and a helium nu
leus. The

pp 
hain powers the nu
lear 
ore of the Sun and the neutrinos produ
ed 
an be dire
tlyobserved be
ause they pass through the Sun almost unimpeded. The rea
tion rates are afun
tion of 
omplex nu
lear physi
s � fortunately for the purposes of stellar evolutionists,su
h rea
tions rates are tabulated (e.g. Angulo et al., 1999).At high temperatures the CNO 
y
le operates. This involves a 
ompli
ated series ofrea
tions whi
h 
an a
tually be split into two 
y
les, the CN and ON 
y
le, as in table 1(see also se
tion 2.8). The net e�e
t of the 
y
le is the same as the pp 
hain, to 
onvertfour protons into one helium nu
leus, but it requires other isotopes (12C, 13C, 14N, 15N,
15O, 16O and 17F) to a
t as 
atalysts. The number of CNO and 17F nu
lei is 
onserved,although the CNO 
y
le a
ts to 
hange their relative abundan
es. Careful analysis of theCNO 
y
le (Clayton, 1983) leads to the result that the main 
omponent (≈ 98.5%) ofCNO-pro
essed material, if it has time to rea
h equilibrium, is 14N.Whatever the sour
e of energy, all stars go through a phase 
alled the Main Sequen
e(MS; stellar-type a
ronyms are de�ned in table 2). During this time steady hydrogenburning o

urs in the stellar 
ore, by the pp 
hain in low-mass stars or the CNO 
y
lein higher-mass stars. The length of time spent on the MS is a highly non-linear fun
tionof the initial mass, 1.1 × 1010 years for a 1 M⊙ star, 6.8 × 107 years for a 6 M⊙ star and
4.3×106 years for a 50 M⊙ star. The MS ends when hydrogen in the 
ore has been 
onvertedto helium. No more energy 
an be extra
ted, so the star resumes the 
ourse it took priorto hydrogen burning, and restarts its 
ollapse under its own weight.During the relatively short Hertzsprung Gap (HG) phase, whi
h typi
ally lasts for less6

B11 Binary Star Explosions - SNeIa and NovaeIsotope a b c d
4He 1.885× 10−2 1.919× 10−1 −1.90040× 10−1 7.398× 10−1

12C 3.2448× 10−1 −7.5668× 10−1 4.4693× 10−1 −2.5692
16O 7.9324× 10−1 −1.4184 6.7159× 10−1 −2.2394
20Ne 5.6865× 10−2 −1.1574× 10−1 6.0577× 10−2 −2.4772
24Mg 6.8268× 10−2 −1.8269× 10−2 −5.339× 10−2 −1.9527
28Si 1.9537× 10−2 4.9225× 10−1 −4.2238× 10−1 −1.229
32S 3.3483× 10−1 −7.4649× 10−1 5.2431× 10−1 −1.0288

36Ar 1.553× 10−1 −4.2591× 10−1 3.0771× 10−1 5.0104× 10−1

40Ca 4.7899× 10−2 −1.3997× 10−1 1.0286× 10−1 3.8396× 101

44Ti 1.5964× 10−1 −3.9855× 10−1 2.5757× 10−1 −2.4052
48Cr 1.2483× 10−1 −3.1778× 10−1 2.0946× 10−1 −2.2352
52Fe 3.5674× 10−1 −9.9596× 10−1 7.0243× 10−1 −2.2407× 10−1

56Fe −7.9924× 10−1 2.2283 −1.2529 1.3922× 101Table B20: Coe�
ients to the �ts to the SNIa yields of Livne & Arnett (1995).Isotope Yield Isotope Yield

4He 0.17 36Ar 6.6× 10−4

12C 1.3× 10−3 40Ca 3.9× 10−4

16O 1.5× 10−6 44Ti 8.9× 10−3

20Ne 2.3× 10−6 48Cr 9.4× 10−3

24Mg 6.4× 10−6 52Fe 1.8× 10−2

28Si 7.3× 10−5 56Ni 0.45
32S 3.0× 10−4Table B21: Yields from an exploding 0.664 M⊙ WD as 
al
ulated by Woosley et al. (1986).B11 Binary Star Explosions - SNeIa and NovaeThe 
oe�
ients for the �ts to the alpha elements from Livne & Arnett (1995) are intable B20. The yields of Woosley et al. (1986) and Iwamoto et al. (1999) are shown intables B21 and B22 respe
tively.Mass fra
tions in eje
ta �tted to the nova models of José & Hernanz (1998) for a

retionon to COWDs are

1H = 10−5×max(0.0, ((−7.0188×10+2)×fnov+(−1.0192×10+4)×MWD+(7.6612×10+4)))(B230)

3He = 10−5×max(0.0, ((4.0714× 10−3)× fnov +(−1.66430)×MWD +(2.00320))) (B231)251



B Analyti
 FitsIsotope(s) Treated as Isotope(s) Treated as

11C,14C 13C 51Mn,53Mn,54Mn 55Mn

24Na 23Na 53Fe,55Fe,59Fe 56Fe

28Al 27Al 57Ni 56Ni

35S 32S 55Co,58Co,60Co 59Co

36Cl 35Cl 63Ni,65Ni 64Ni

37Ar 38Ar 60Zn,61Zn, 62Zn63Zn,65Zn 64Zn

41Ca,45Ca,47Ca 44Ca 60Cu,62Cu,64Cu,66Cu 65Cu

45Ti 44Ti 69Zn 68Zn

43S
 45S
 65Ga, 66Ga,67Ga,68Ga,70Ga 69Ga

49Cr,51Cr 48Cr 64Ge,65Ge, 66Ge,67Ge, 68Ge, 69Ge,71Ge 70Ge

48V,49V 51V Table B19: Tra
e isotopes.B9 Bel
zynski et al. (2002) BH Mass Pres
riptionThe Bel
zynski et al. (2002) BH mass is 
oded a

ording to a pres
ription provided byJarrod Hurley.First, M
x is set

M
x =

{

0.161767M
 + 1.067055 M
 < 2.5 M⊙
0.314154M
 + 0.686088 M
 ≥ 2.5 M⊙

(B228)then the remnant mass is given by

MNS/BH =







M
x M
 < 5 M⊙
M
x + (M
 − 5)(M −M
x) 5 ≤M
/M⊙ < 7.6

M M ≥ 7.6 M⊙

. (B229)B10 Tra
e IsotopesIn order to in
rease the speed of the 
ode some rare isotopes are 
onsidered to behave astheir more abundant 
ousins with the same proton number. This is dealt with easily in the
ode at 
ompile time and is treated in a way that 
an easily be extended to in
lude thesetra
e elements for parti
ular studies at a later date. There is also a high speed option inthe 
ode to bin all the tra
e isotopes into one isotope and quietly ignore it. Table B19shows the 
onversions.
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1.2 Stellar Evolution and Nu
leosynthesisStellar Type A
ronym0 Low-mass Main Sequen
e1 Main Sequen
e MS2 Hertzsprung Gap HG3 First Giant Bran
h GB4 Core Helium Burning CHeB5 Early Asymptoti
 Giant Bran
h EAGB6 Thermally-Pulsing Asymptoti
 Giant Bran
h TPAGB7 Helium Main Sequen
e HeMS8 Helium Hertzsprung Gap HeHG9 Helium Giant HeGB10 Helium White Dwarf HeWD11 Carbon-Oxygen White Dwarf COWD12 Oxygen-Neon-Magnesium White Dwarf ONeWD13 Neutron Star NS14 Bla
k Hole BH15 Massless RemnantTable 2: Stellar types as de�ned by SSE/BSE.than a few per 
ent of the MS time, the 
ore 
ontra
ts. At the same time the stellarenvelope expands and 
ools. Cooler gas has a higher opa
ity so a 
onve
tive envelopedevelops. Collapse is stopped by hydrogen ignition in a shell around the 
ore, whi
hprovides a new sour
e of energy, and for a while the star remains on the Giant Bran
h(GB). Be
ause of its lower temperature the star is very red and be
ause of its size it is verybright. Up to this point, the 
hemi
al abundan
es at the surfa
e do not alter from theirinitial abundan
e. The 
onve
tive envelope whi
h forms on the GB 
hanges this be
ause itmixes material from the 
ore to the surfa
e, in an event known as �rst dredge-up. Se
tion2.3 examines this pro
ess in detail. Stars with M & 7 M⊙ have a very short GB phaseand stars with M & 13.2 M⊙ have no GB at all be
ause helium burning ignites in the 
orebefore shell hydrogen burning 
an begin.A star leaves the GB when 
onditions in the 
ore are hot and dense enough to allowignition of the next nu
lear-burning stage. It be
omes a Core Helium Burning (CHeB)star, burning by the triple-α rea
tion,

3 4He −→ 12C . (11)There is also some α-
apture on 
arbon to produ
e oxygen,

12C + α −→ 16O . (12)For low-mass stars, M . 2.0 M⊙, helium ignition o

urs in an ele
tron degenerate 
ore,7



1 Introdu
tionso a nu
lear runaway o

urs known as the helium �ash. There are no 
onsequen
es forsurfa
e nu
leosynthesis (Stan
li�e, private 
ommuni
ation). Intermediate- and high-massstars do not experien
e this �ash but ignite helium gently be
ause their 
ores are not highlydegenerate. The star pro
eeds to evolve with a helium-burning 
arbon- and oxygen-ri
h
ore surrounded by a helium envelope and a hydrogen-ri
h envelope.The evolution that follows is similar to that of the MS ex
ept helium takes the pla
e ofhydrogen. Eventually 
entral helium runs out and the star 
ontra
ts. Burning restarts ina helium-burning shell surrounding the 
ore and the star expands again, this time on theEarly Asymptoti
 Giant Bran
h. The expansion and 
ooling of the envelope again in
reasesthe opa
ity and 
auses a deep 
onve
tion zone to develop. For stars with M & 4 M⊙ the
onve
tive envelope be
omes deep enough to mix pro
essed material from the 
ore to thesurfa
e in the se
ond dredge-up. Surfa
e abundan
es of both hydrogen- and helium-burnedmaterial in
rease (see se
tion 2.4) and the helium-
ore mass is redu
ed as the 
onve
tivehydrogen-ri
h envelope eats into it.The helium shell eventually meets the hydrogen envelope either by 
ore growth or inwardmovement of the hydrogen envelope. The hydrogen shell reignites and the two burn alter-nately, be
ause a thin helium-burning shell is unstable (S
hwarzs
hild & Härm, 1965), onthe Thermally Pulsing Asymptoti
 Giant Bran
h (TPAGB). These stars are ri
h sour
esfor nu
leosynthesis be
ause the parti
ular twin shell geometry and 
onve
tive envelope al-low the produ
ts of helium burning, parti
ularly 12C, to rea
h the stellar surfa
e. This isthe favoured method of formation of 
arbon stars, stars with surfa
e C/O > 1. The mostmassive TPAGB stars, 4 . M/M⊙ . 8, have hot enough 
onve
tive envelopes that hy-drogen burning o

urs at the base of the envelope, known as Hot Bottom Burning (HBB).The CNO 
y
le, as well as the NeNa 
y
le (se
tion 2.9) and the MgAl 
y
le (se
tion 2.10),pro
ess a wide variety of isotopes to give a very non-solar abundan
e at the surfa
e. Slowneutron 
apture (the s-pro
ess) may o

ur in the region between the burning shells andleads to the produ
tion of heavy isotopes su
h as barium, yttrium and lead. TPAGB starshave enormous radii, up to 1000 R⊙, so matter at the surfa
e is not very strongly boundand mass-loss rates are high. This 
auses the hydrogen envelope to be lost, possibly form-ing a planetary nebula, so further nu
lear burning is impossible. All that is left is the nowextinguished CO 
ore, whi
h 
ools to be
ome a Carbon-Oxygen White Dwarf (COWD).While most stars follow the above evolutionary sequen
e, massive stars, withM & 8 M⊙,ignite 
arbon as they 
ontra
t after 
ore helium burning. Further burning is relativelyqui
k, through neon-, oxygen- and sili
on-burning, until an iron 
ore forms. Beyond iron,nu
lear burning is endothermi
, so the stellar 
ore la
ks an energy sour
e and 
ontinuesto 
ollapse. At a density about three times that of an atomi
 nu
leus the 
ore reboundsdue to the Pauli ex
lusion of neutrons and a sho
kwave moves outward through the star.Most of the energy is released as neutrinos whi
h intera
t1 with the envelope, driving ito� in a type II supernova (SNII) explosion. Material both from the 
ore and the envelopemay es
ape to the ISM, so supernovae are another sour
e of metals (se
tion 3.7). What1The intera
tion is very weak but there are a lot of high-energy neutrinos in an exploding star.8

B8 WW95 Fits
XGe67 = max(0, 10−8 × 6.5193× 10−9Z−2.6111MCO

−2.8434) (B218)
XGa68 = max(0, 10−8(−1.5873× 10−3 + 8.4323Z0.79001)×

(−1.5288 + 4.0354MCO − 0.22847M2
CO)) (B219)

XGe68 = max(0, 1.2595× 10−5Z0.18288MCO
−6.0096) (B220)

XZn68 = max(0,−3.6098× 10−6 + Z((2.9337× 10−3 − 9.8971× 10−4MCO +

2.3653× 10−4MCO
2 + 2.5966× 10−5MCO

3 − 4.4061× 10−6MCO
4 +

1.3504× 10−7MCO
5))) (B221)

XGa69 = max(0,−2.0396× 10−7 + Z(6.2491× 10−4 − 5.0702× 10−4MCO +

2.2036× 10−4MCO
2 − 3.2652× 10−5MCO

3 + 2.02× 10−6MCO
4 −

4.4703× 10−8MCO
5)) (B222)

XGe69 = max(0, 9.3132× 10−10 + Z(−5.5041× 10−7 + 9.0543× 10−6 ×
exp(−0.48928(MCO − 6)2) + 4.1453× 10−6 exp(−0.3509(MCO − 13)2) +

2.0796× 10−6/MCO)) (B223)

XZn69 = max(0, 0.10419Z2.2754MCO
−0.81877) (B224)

XGe70 = max(0, (−3.4925× 10−7 + Z(3.9595× 10−4 + 2.4171× 10−3

exp(−0.52855(MCO − 6)2) + 1.7799× 10−3 exp(−0.2796(MCO − 13)2)−
6.8349× 10−5/MCO)) (B225)

XGa70 = max(0, 8.6158× 10−4Z1.5999) (B226)

XGe71 = max(0, 4.6168× 10−2Z1.3819 exp(−(MCO − 11.468)2/31.855)) (B227)
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XNi64 = max(0, 2.3888× 10−3Z1.3959(15.17− 3.3035MCO + 0.82123M2
CO

−3.8254× 10−2M3
CO)) (B205)

XGe64 = max(0, 7.7393× 10−7Z−0.39108MCO
−3.2087) (B206)

XNi65 = max(0,−3.9302× 10−7 + Z((5.5209× 10−3 − 3.5727× 10−3MCO +

9.3786× 10−4MCO
2 − 1.1642× 10−4MCO

3 + 6.7139× 10−6MCO
4 −

1.4435× 10−7MCO
5))) (B207)

XGe65 = max(0, 2.794× 10−8Z−0.29218MCO
−5.3194) (B208)

XZn65 = max(0, 1.374× 10−5Z0.52602) (B209)

XCu65 = max(0,−9.2108× 10−7 + Z(2.2031× 10−4 + 7.7515× 10−4 ×
exp(−0.22287(MCO − 6)2) + 1.7971× 10−3 exp(−0.10853(MCO − 13)2) +

6.0481× 10−4/MCO)) (B210)

XGa65 = max(0, 2.6841× 10−5Z−2.2215×10−2

MCO
−4.3977) (B211)

XGa66 = max(0, 1.4629× 10−4Z0.1421MCO
−5.1875 + 2.183× 10−6 ×

exp(−(MCO − 5.8965)2/0.57897) + 4.3048× 10−4Z ×
exp(−(MCO − 13.348)2/0.68231)) (B212)

XCu66 = max(0,−3.0734× 10−8 + Z(5.6063× 10−5 + 1.491× 10−5MCO −
5.4799× 10−6MCO

2 + 4.8149× 10−7MCO
3 − 1.3039× 10−8MCO

4)(B213)
XGe66 = max(0, 3.0963× 10−3Z0.13255MCO

−4.8438) (B214)
XZn66 = max(0,−9.5926× 10−7 + Z(3.6081× 10−4 + 2.6664× 10−3

exp(−0.38998(MCO − 6)2) + 3.1659× 10−3 exp(−0.16104(MCO − 13)2) +

2.2357× 10−3/MCO))) (B215)
XGa67 = max(0, 1.2107× 10−8 + Z(−9.4119× 10−6 + 7.2764× 10−6 ×

exp(−0.35611(MCO − 6)2) + 1.1531× 10−5 exp(−0.18887(MCO − 13)2) +

2.2628× 10−5/MCO)) (B216)
XZn67 = max(0, (−3.39× 10−7 + Z((2.6072× 10−4 − 1.7072× 10−5MCO +

2.0857× 10−5MCO
2 − 1.0673× 10−6MCO

3)))) (B217)248

1.2 Stellar Evolution and Nu
leosynthesisremains of the star forms either a neutron star (NS) or a bla
k hole (BH) if it is massiveenough.Even more massive stars, M & 23 M⊙, are a�e
ted by severe mass loss during theirevolution. They lose enough mass that their hydrogen envelopes are 
ompletely strippedo� before their 
ores 
ollapse, exposing their helium 
ores. Observationally, they are knownasWolf-Rayet (WR) stars (se
tion 3.1). They evolve on the Helium Main Sequen
e (HeMS)be
ause they are similar in stru
ture to a normal MS star but with hydrogen repla
ed byhelium. These then evolve on the Helium Hertzsprung Gap (HeHG) and Helium GiantBran
h (HeGB) by analogy with the HG and GB. Wind loss is not strong enough (at solarmetalli
ity) to prevent a 
ore-
ollapse SN during these latter phases. Su
h a supernovadoes not 
ontain any hydrogen so is observed as a type Ib (SNIb). Again, these stars arean important sour
e of metals.Binary stars 
ompli
ate the above pi
ture (see e.g. Batten, 1995 for a review). Thepresen
e of a 
ompanion may 
ause mass transfer. This alters evolution by either in
reasingor de
reasing the stellar mass and, less importantly, pollution of the a

reting star. Somephases of evolution are asso
iated with large radii (e.g. GB, AGB and massive HG stars)so are likely to be trun
ated by the presen
e of a 
ompanion. Wolf-Rayet stars form owingto the removal of their massive progenitor's hydrogen envelope. Removal of a hydrogenenvelope from a RG star leads to an exposed 
ore whi
h, la
king a sour
e of nu
lear fuel,
ools to form a Helium White Dwarf (HeWD) star. On the other hand, mass lost from astar must go somewhere. Sometimes it is lost from the system but it 
an also a

rete onto the se
ondary star or perhaps the stars merge.As well as evolutionary e�e
ts on a 
ompanion, pollution leads to produ
tion of 
hem-i
ally pe
uliar stars. A few examples are presented in se
tion 4.7, in
luding a dwarf 
ar-bon star. The interested reader may wish to make his or her own by use of the onlinebinary_
/nu
syn front-end at http://www.ast.
am.a
.uk/~rgi/
gi-bin/binary2.
gi.There are also the binary-spe
i�
 thermonu
lear explosions su
h as novae (se
tion 4.5.1)and type Ia supernovae (SNeIa, se
tion 4.5) whi
h 
ontribute metals to the ISM.
9



1 Introdu
tion1.3 Stellar Models. . .O'Neill: �Weren't you listening? Nintendos pass through everything.�

Stellar evolution is thought to be reasonably well understood be
ause of the su

essduring the last 40 years in making detailed stellar models. Su
h models are really justsolutions of the set of stellar stru
ture equations (see e.g. Kippenhahn & Weigert, 1994 forin-depth dis
ussion or Prialnik, 2000 for an introdu
tion), one for hydrostati
 equilibrium

dP

dm
= − Gm

4πr4
, (13)mass 
onservation

dr

dm
=

1

4πr2ρ
, (14)nu
lear energy generation

dL

dm
= ǫ (15)and radiative transport of the energy �ux F ,

dT

dm
= − 3

4ac

κ

T 3

F

(4πr2)2
. (16)Also required is a method to transform eq. (16) when material is 
onve
tively unstable,an equation of state for the gas and equations to follow ea
h isotope as it is 
reated ordestroyed. Usually just a few isotopes are 
onsidered, su
h as 1H, 4He, 12C, 14N, 16O and

22Ne, be
ause the stru
ture of the star depends only on these. Impli
it in these equationsare tables of nu
lear rea
tion rates and opa
ity data. Codes have been written to solve allthe above equations and this is what leads to the stellar evolution story told above.Single stars are usually modelled with two free parameters, the mass and metalli
ity2. A
omplete set of models from the MS to TPAGB may take minutes, hours or days to makedepending on the required a

ura
y and the 
ode used. The Eggleton 
ode, for example, isquite 
apable of modelling the TPAGB phase qui
kly, if the resolution is deliberately keptlow so that thermal pulses are avoided. This is not a parti
ularly satisfa
tory situationfrom the nu
leosynthesis point of view be
ause the third dredge-ups will also be ignored.However, the same 
ode does an good job of modelling the previous stellar evolution phases.2While the models a
tually 
ontain many other free parameters, M and Z are by far the most importantto des
ribe the evolution of a single star.10

B8 WW95 Fits
XCo61 = max(0,−6.0908× 10−7 + Z((4.5014× 10−3 − 1.7287× 10−3MCO +

2.3732× 10−4MCO
2 − 1.3014× 10−5MCO

3 +

2.4308× 10−7MCO
4))) (B194)

XZn61 = max(0, 7.3435× 10−6 + log10 Z(3.7124× 10−5 − 2.441× 10−6 ×
exp(−0.44437(MCO − 6)2)− 3.0977× 10−5 exp(−8.1119× 10−2(MCO − 13)

2
)−

6.0245× 10−5/MCO)) (B195)

XCu62 = max(0,−3.3509× 10−6 +
1

log10 Z
(1.9745× 10−4 −

3.2678× 10−5 exp(−0.42344(MCO − 6)2)− 1.8603× 10−4 ×
exp(−0.10484(MCO − 13)2)− 4.2485× 10−4/MCO)) (B196)

XZn62 = max(0, 7.2528× 10−5 + (1 + 88.911Z)((1.2906× 10−2 − 9.7666× 10−3MCO +

2.6775× 10−3MCO
2 − 3.3416× 10−4MCO

3 + 1.9155× 10−5MCO
4 −

4.0885× 10−7MCO
5))) (B197)

XNi62 = max(0,−1.1763× 10−6 + Z(−7.3365× 10−3 + 1.5037× 10−2 ×
exp(−0.33164(MCO − 6)2) + 2.6194× 10−2 exp(−0.29156(MCO − 13)2) +

2.6171× 10−2/MCO)) (B198)

XNi63 = max(0, 4.4969× 10−2Z1.7314) (B199)

XZn63 = max(0, 5.7624× 10−4MCO
−4.5673Z3.8754×10−2

) (B200)

XCu63 = max(0, 7.0129× 10−7 + Z(−2.0903× 10−3 + 6.2356× 10−4 ×
exp(−0.41043(MCO − 6)2) + 2.454× 10−3 exp(−9.7155× 10−2(MCO − 13)

2
) +

4.5247× 10−3/MCO)) (B201)

XZn64 = max(0, 2.5732×10−6+9.8341×10−5Z−0.38212MCO
−3.6853+7.2031×10−4Z) (B202)

XGa64 = max(0, 1.0581× 10−5Z−0.46221MCO
−3.3291) (B203)

XCu64 = max(0,−2.0489× 10−8 + Z(3.7803× 10−5 + 7.0552× 10−5 ×
exp(−0.30149(MCO − 6)2) + 5.3909× 10−5 exp(−0.67062(MCO − 13)2) +

6.3572× 10−6/MCO)) (B204)
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XFe59 = max(0,−8.6986× 10−7 + Z((5.8629× 10−3 − 1.3175× 10−3MCO +

1.0159× 10−4MCO
2 − 2.5118× 10−6MCO

3))) (B185)

XCo59 = max(0,−2.9448× 10−6 + Z(−2.5593× 10−3 + 4.5253× 10−4 ×
exp(−0.24621(MCO − 6)2) + 4.9644× 10−3 exp(−9.5259× 10−2(MCO − 13)

2
) +

1.4861× 10−2/MCO)) (B186)

XZn60 = max(0, 1.5225× 10−4 + log10 Z(6.6008× 10−4 − 3.0585× 10−5

exp(−−4.187(MCO − 6)2)− 5.118× 10−4 exp(−9.7036× 10−2(MCO − 13)
2
)−

1.601× 10−3/MCO))) (B187)

XCo60 = max(0, 4.6252× 10−3Z1.5) (B188)

XFe60 = max(0,−7.851× 10−7 + Z(9.8426× 10−3/MCO − 1.4094× 10−3 +

5.7954× 10−5MCO) (B189)

XCu60 = max(0,−3.9837× 10−5 + ((1− 8.9127Z))((3.1126× 10−2 − 2.0375× 10−2MCO +

5.0437× 10−3MCO
2 − 5.856× 10−4MCO

3 + 3.1933× 10−5MCO
4 −

6.5845× 10−7MCO
5))) (B190)

XNi60 = max(0, (−3.3104× 10−3 + 2.6334× 10−2Z + 8.4455× 10−3/MCO) +

(2.3476× 10−3 − 3.4932× 10−2Z) exp(−(MCO − 6)2/5.7333) + (3.265× 10−3 +

2.838× 10−2Z) exp(−(MCO − 13)2/22.522)) (B191)
XCu61 = max(0, 2.4884× 10−4 + (1 + 1.4075Z)(2.7586× 10−3 − 2.1834× 10−3MCO +

5.9052× 10−4MCO
2 − 7.3633× 10−5MCO

3 + 4.2431× 10−6MCO
4 −

9.127× 10−8MCO
5)) (B192)

XNi61 = max(0, 0.33021 + (1− 8.3345× 10−3Z)(−0.33022 + (1.184× 10−5 +

0.5× 10−8/Z) exp(−0.33469(MCO − 6)2 + 3.4356× 10−5 ×
(1 + Z/0.02) exp(−0.59448(MCO − 13)2))) (B193)
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1.3 Stellar ModelsThe time required to make detailed nu
leosynthesis models 
ontaining many isotopesis even longer. The low- and intermediate-mass nu
leosynthesis models used in this workrequire the output from the Mt. Stromlo Stellar Evolution Code (Frost, 1997; Wood &Zarro, 1981) to be 
oupled with the nu
leosynthesis 
ode of Cannon (1993). Su
h output
an take weeks to produ
e, per star. This is not a problem on a grid of, say, 10 stars over10 metalli
ities. Then 100 stars take a few hundred weeks of CPU time. Su
h 
al
ulationsare not impossible given a dozen reasonable PCs and a little patien
e.Binary stars are a far more di�
ult prospe
t. One way of making detailed binary modelsis to 
ombine a single star evolution 
ode with a pres
ription for binary mass transfer andorbital 
hanges. Su
h an option has existed in the Eggleton 
ode for some time and hasre
ently been improved with Eggleton's TWIN 
ode, whi
h a
tually 
omputes the stellarstru
ture of both stars impli
itly and at the same time. It does not take mu
h more timeto make 100 binaries than it does to make the 100 single stars des
ribed above. Theproblem is the number of parameters whi
h go into binary evolution. As well as the massand metalli
ity, there is the mass of the other star, the period (or separation) of the orbit,the orbital e

entri
ity and free parameters asso
iated with binary-spe
i�
 me
hanismssu
h as RLOF, 
ommon envelope evolution, enhan
ed wind-loss, tidal e�e
ts, supernovaki
ks et
. Soon, instead of making 100 stars, 108 or more stars are required. If detailednu
leosynthesis is required for these stars, and ea
h model takes a week to make, that isabout 200,000 years of CPU time. The average PhD student, taking three years, wouldrequire about 60,000 fast PCs (and 
ompetent support sta� to manage them). Clearlysu
h an undertaking is beyond 
urrent resour
es. A very limited parameter spa
e studywas made by De Donder & Vanbeveren (2002) using rather old detailed models although,at the time of writing, their 
hemi
al yields still remain unpublished.Syntheti
 stellar models are a way around the problem. The idea is to �t the resultsof detailed single star models to simple analyti
 fun
tions. The need to solve a system of
oupled di�erential equations is removed and the 
ode is sped up by a huge fa
tor. To
al
ulate nu
leosyntheti
 yields for a 4 M⊙ star takes 0.09 s with the syntheti
 model butmany days for a full evolution model. Appendix F gives some data on 
ode runtimes. Theother great advantage of a syntheti
 model is the ability to 
hange some of the input physi
s.Many aspe
ts of stellar evolution are quite un
ertain su
h as mass-loss rates, angularmomentum transfer between binary-star 
omponents, 
ommon envelope loss e�
ien
y andsupernova ki
k velo
ities to name just a few. All these 
an be varied in a syntheti
 modeland the results will be ready before tea time (or at least by the time you get ba
k from thepub!). A syntheti
 model should not su�er the numeri
al failures asso
iated with detailedstellar evolution 
odes.The main disadvantage of a syntheti
 model is a loss of a

ura
y. Fitted formulae 
annever exa
tly reprodu
e the detailed models and sometimes, espe
ially when dealing withhighly non-linear phenomena, slight di�eren
es between the models 
an 
hange the out
omeby a large amount. This problem is not so important when entire populations of stars are
onsidered. Far more important is the distribution of mass (the Initial Mass Fun
tion orIMF), metalli
ity and separation in a whole population of stars (see 
hapter 5).Syntheti
 models were introdu
ed out of ne
essity in the late 1970s to model TPAGB11



1 Introdu
tionstars (Wood & Cahn, 1977; Iben & Truran, 1978; Renzini & Voli, 1981). Computing powerand understanding of the physi
s of the stars was more limited than today. However, themodels in
luded third dredge-up in an approximate way and led to some explanation of theformation of 
arbon stars. Improvements followed in the 1990s, with the purely syntheti
models improved by Groenewegen & de Jong (1993) and van den Hoek & Groenewegen(1997) who in
luded CNO HBB. More detailed nu
leosynthesis was 
onsidered by Forestini& Charbonnel (1997) although with a more limited evolutionary model. A slightly di�erentroute was taken by the Padova group (Marigo, Bressan & Chiosi, 1998; Marigo, 1999, 2001)who use a syntheti
 pres
ription for the stellar 
ore but solve the stellar evolution equationsin the envelope (so-
alled envelope integration models). Su
h models are probably still tooslow to model a large parameter spa
e.Appli
ation to other phases of stellar evolution is not ne
essary, ex
ept when one wouldlike to model multiple stars or globular 
lusters. A proje
t to develop analyti
 �ts tosingle star evolution was started by Tout et al. (1996) who �tted Zero-Age Main Sequen
e(ZAMS) radii and luminosities to detailed stellar models 
onstru
ted with the Eggleton
ode. This was extended by Hurley, Pols & Tout (2000) who �tted stellar luminosities,radii and lifetimes over the entire evolution of the star to the detailed models of Pols et al.(1998). This is the basis of the rapid Single Star Evolution (SSE) 
ode. Hurley, Tout & Pols(2002, H02) extended this to the rapid Binary Star Evolution (BSE3) model whi
h in
ludespres
riptions for orbital motion, RLOF, 
ommon envelope evolution, wind a

retion, tidesand supernova ki
ks. The algorithm has been in
luded in Aarseth's NBODY 
ode to produ
emodels of small globular 
lusters su
h as M67 (Hurley et al., 2001, see also Jarrod Hurley'sPhD thesis).This dissertation extends BSE to in
lude the nu
syn library, a 
omprehensive syntheti
nu
leosynthesis pa
kage. Fits to the detailed nu
leosynthesis models of Karakas, Lattanzio& Pols (2002, K02; see also Amanda Karakas' PhD thesis) in
lude �rst, se
ond and thirddredge-up. Intershell abundan
es are �tted to detailed models and extended to in
lude
s-pro
ess isotopes. A simple shell-burning HBB model is developed to deal with CNO,NeNa and MgAl burning 
y
les. The models of Dray et al. (2003) and Dray & Tout (2003,see also Lynnette Dray's PhD thesis) are used to �t surfa
e abundan
es for massive stars.Supernovae and novae are in
luded by �tting to published detailed explosion models. Masstransfer on to and mixing into a 
ompanion is dealt with in a 
onsistent way. The C versionof BSE in 
onjun
tion with nu
syn is known as binary_
/nu
syn.A word of 
aution. Many approximations go into the nu
syn 
ode. Every e�ort hasbeen made to �t the detailed models as a

urately as possible, but given realisti
 time
onstraints the �t is not always as good as one would like. Also, the detailed models arealmost 
ertainly wrong in some respe
t, notably the mass-loss rates, so a perfe
t �t ispointless.It is very di�
ult to estimate the error on any output value from the syntheti
 
odegiven the large number of input variables. All that 
an be done is to vary ea
h of thesevariables within reasonable ranges to give an idea of the un
ertainty.3Madness!12
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XCo55 = max(0,−3.7361× 10−4 + 1.7239× 10−3MCO

−0.68637+9.0351Z +

1.6495× 10−4 exp(−(MCO − 13)2/2)) (B173)
XCo56 = max(0, 9.4078× 10−3 exp(−(MCO + 4.3821)2/14.174) + 9.6675× 10−4 ×

exp(−(MCO − 6.2599)2/1.0877) + (6.6154× 10−4 + 9.6361× 10−2Z)×
exp(−(MCO − 13.278)2/0.52483)) (B174)

XFe56 = max(0, 5.8588× 10−2 + (1− 19.256Z)× (1.3941− 0.9707MCO + 0.2534MCO
2 −

3.1295× 10−2MCO
3 + 1.8128× 10−3MCO

4 − 3.9517× 10−5MCO
5)) (B175)

XNi56 = 0 (B176)

XFe57 = max(0, (−9.519× 10−6 + Z(0.11965/MCO − 2.1258× 10−2 + 1.6133× 10−3MCO))(B177)

XNi57 = max(0, 0.3152 + (1− 6.4787× 10−2Z)(−0.34595 + 2.6003× 10−3 ×
exp(−0.58657(MCO − 6)2) + 2.7454× 10−2 exp(−8.6268× 10−2(MCO − 13)

2
) +

6.1326× 10−2/MCO)) (B178)

XCo57 = max(0, 8.6579× 10−3 exp(−MCO + 1.33512/2.3631) + 1.1253× 10−4 ×
exp(−MCO − 6.11262/0.89975) + (4.1985× 10−5 + 1.7376× 10−2Z)×
exp(−MCO − 13.1022/1.0372)) (B179)

XCo58 = max(0, 4.936× 10−7 + 1.2275× 10−3Z0.18099MCO
−5.6769) (B180)

XFe58 = max(0,−7.0939× 10−6 + Z(7.1429× 10−3 + 1.5213× 10−3 ×
exp(−0.20179(MCO − 13)2) + 1.4908× 10−2/MCO)) (B181)

XNi58 = max(0, 6.2091× 10−4 + (0.36944 + 20.281Z)/MCO
5.2934) (B182)

XNi59 = max(0, 0.32885 + (1− 1.5171× 10−2Z)(−0.33067 + 2.4491× 10−4 ×
exp(−−0.48058(MCO − 6)2) + 1.5852× 10−3 exp(−0.10387(MCO − 13)2)

+3.9969× 10−3/MCO)) (B183)

XCu59 = max(0, 6.3134× 10−6 + ((1/ log10 Z))(1.8652× 10−4 −
2.0008× 10−5 exp(−0.48434(MCO − 6)2)− 1.4974× 10−4 ×
exp(−0.11287(MCO − 13)2)− 4.4787× 10−4/MCO)) (B184)
245



B Analyti
 Fits

XFe52 = max(0, 6.5481× 10−4 + ((1− 26.113Z))((3.85× 10−3 − 2.4642× 10−3MCO +

7.9771× 10−4MCO
2 − 1.2733× 10−4MCO

3 + 8.9742× 10−6MCO
4 −

2.2538× 10−7MCO
5))) (B162)

XCr52 = max(0, (−3.8091× 10−7 + 3.9504× 10−3Z + 3.296× 10−3MCO
−9.7837+3.0616×102Z))(B163)

XMn52 = max(0, 8.1407× 10−5(sin(0.51574 max(MCO, 4.5) + 1.4096)2 + 10−5)) (B164)

XCr53 = max(0,−2.6263× 10−7 + 4.4046× 10−4Z + 4.0249× 10−4 ×
MCO

−11.49+3.8341×102Z) (B165)

XMn53 = max(0, 5.0263× 10−6 +
1

log10 Z
(−1.5165× 10−5 − 9.9844× 10−5MCO +

2.6331× 10−5MCO
2 − 2.2817× 10−6MCO

3 + 6.4261× 10−8MCO
4)) (B166)

XFe53 = max(0, (5.5767× 10−5 + 1.0795× 10−3Z) exp(−(MCO − 1.9967)2/11.602) +

(3.0128× 10−6 + 6.3525× 10−4Z) exp(−(MCO − 13.243)2/0.38068)) (B167)

XFe54 = max(0, (4.1293× 10−3 + 0.59975Z) exp(−(MCO + 4.7831)2/70.719) +

(8.2181× 10−5 + 9.5626× 10−2Z) exp(−(MCO − 13.965)2/2.1023)−
1.3905× 10−6MCO

−2/Z) (B168)

XCr54 = max(0,−3.6135× 10−7 + Z(2.067× 10−3 − 9.179× 10−4MCO +

1.6529× 10−4MCO
2 − 1.1805× 10−5MCO

3 + 2.8964× 10−7MCO
4))(B169)

XMn54 = max(0, (4.3586× 10−7 + 1.1709× 10−4Z) exp(−(MCO − 3.4779)2/13.024) +

(5.5879× 10−8 + 3.654× 10−5Z) exp(−(MCO − 13.614)2/0.8564)) (B170)
XMn55 = max(0,−6.482× 10−6 + Z(5.3055× 10−2/MCO − 1.0986× 10−2 +

7.3427× 10−4MCO)) (B171)
XFe55 = max(0, (−1.171× 10−5 + 2.5273× 10−3Z)sin(0.34111MCO)2 +

1.1096× 10−4/MCO) (B172)

244

1.3 Stellar ModelsThe nu
syn model is a prototype but the only one of its kind and, in the 
ase of binarystars, the only one 
apable of exploring the parameter spa
e. It 
an be improved in manyways but for now, it will do.
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1 Introdu
tion1.4 Dissertation OutlineMellon: �Colonel, you seem pensive. . . �O'Neill: �No. I was just thinking.� Stargate �2001�The syntheti
 model des
ription is split into three 
hapters. Chapter 2 deals with low-and intermediate-mass single stars in
luding �rst, se
ond and third dredge-up, HBB, the

s-pro
ess, radioa
tive de
ays, 
alibration of third dredge-up and 
omparison of yields tothe detailed models. Chapter 3 
ontains �ts to surfa
e abundan
es in high-mass single starsand helium stars, yields from 
ore-
ollapse supernovae and masses of NS/BH remnants.The e�e
t of a binary 
ompanion is 
onsidered in 
hapter 4, notably wind a

retion andmixing, RLOF, stellar mergers, novae and type-Ia supernovae.The 
al
ulation of stellar yields follows in 
hapters 5 and 6. The former deals with
hanges in stellar distributions, the latter with 
hanges in the input physi
s. Finally, in
hapter 7 single and binary stars are 
ompared for a solar metalli
ity population to �nallyanswer the question, what is the e�e
t of dupli
ity on 
hemi
al yields?Appendix A details some useful algorithms. Appendix B 
ontains the �tting formulae
oe�
ients and solutions to the shell burning di�erential equations. Appendix C 
ontainsthe 
alibration of the HBB stars to the detailed models. Appendi
es D1-D3, D4 and Edetail the mass-loss pres
riptions used, the default initial mass fun
tion (KTG93) andPols' pres
ription for the free parameter λCE. Appendix F1 
ompares the runtime of thesyntheti
 
ode to full evolution 
odes. Table 3 
ontains a list of useful a
ronyms.
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XTi48 = max(0, (−5.5786× 10−7 + Z(−4.339× 10−3 − 8.9494× 10−4 ×

exp(−−2.5976× 10−2(MCO − 6)
2
) + 5.1282× 10−3 ×

exp(−7.065× 10−2(MCO − 13)
2
) + 1.0106× 10−2/MCO))) (B151)

XV48 = max(0, 5.2061× 10−7 +
1

log10 Z
(2.047× 10−6 − 1.7869× 10−5 ×

exp(−1.4953(MCO − 6)2)− 1.3599× 10−5 exp(−0.52025(MCO − 13)2)−
8.5179× 10−6/MCO)) (B152)

XV49 = max(0, 4.6799×10−6MCO
−1.0229+(2.7288×10−7−log10 Z) sin(0.87475MCO+2.4944))(B153)

XCr49 = max(0, 1.4156× 10−6 +
1

log10 Z
(−4.0769× 10−5 + 1.4344× 10−5MCO −

1.7853× 10−6MCO
2 + 9.5926× 10−8MCO

3 − 1.8626× 10−9MCO
4)) (B154)

XTi49 = max(0,−1.0058×10−7+1.4146×10−3Z0.84649MCO
−4.587+9.8378×10−5Z) (B155)

XTi50 = max(0, (−1.4901× 10−7 + Z(−5.0397× 10−4 + 5.988× 10−5 ×
exp(−0.18137(MCO − 6)2) + 6.3748× 10−4 exp(−8.432× 10−2(MCO − 13)

2
) +

9.4991× 10−4/MCO)) (B156)

XCr50 = max(0, Z(8.6358× 10−3 − 2.7397× 10−3MCO + 7.3554× 10−4M2
CO −

1.2169× 10−4MCO
3 + 9.045× 10−6MCO

4 − 2.3562× 10−7MCO
5)) (B157)

XV50 = max(0, 2.4748× 10−4Z1.4761 exp(−(MCO − 4.9803)2/0.16529) + 3.5334× 10−6Z)(B158)

XMn51 = max(0, 1.8999× 10−6 +
1

log10 Z
(2.9597× 10−6 − 2.503× 10−5MCO +

6.7046× 10−6MCO
2 − 5.7463× 10−7MCO

3 + 1.5832× 10−8MCO
4)) (B159)

XV51 = max(0, 1.1101× 10−4Z + 1.7499Z2.5417MCO
−3.6957) (B160)

XCr51 = max(0, (1.7146× 10−6 + 1.7017× 10−4Z) exp(−(MCO − 4.4201)2/23.081) +

(4.0317× 10−6 − 8.0697× 10−5Z) exp(−(MCO − 13.557)2/0.19604)) (B161)
243
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XTi44 = max(0, 0.24988− 0.25018 + 4.3198× 10−5 exp(−0.55151(MCO − 6)2) +

2.6702× 10−4 exp(−0.10078(MCO − 13)2) + 6.92× 10−4/MCO) (B140)

XCa45 = max(0, (3.183× 10−4 − 7.4008× 10−5MCO + 1.1601× 10−5MCOMCO −
4.6287× 10−7MCO

3)Z1.585) (B141)

XTi45 = max(0, 2.0955× 10−7 + (1− 17.648Z)(9.2611× 10−6 − 4.3083× 10−6MCO +

6.8359× 10−7MCO
2 − 4.3772× 10−8MCO

3 + 9.3132× 10−10MCO
4)) (B142)

XS
45 = max(0, 8.475× 10−8 + Z(−4.1524× 10−5 + 1.43× 10−4 ×
exp(−0.50195(MCO − 6)2) + 7.3904× 10−5 exp(−−0.30076(MCO − 13)2) +

1.8636× 10−4/MCO)) (B143)

XTi46 = max(0, 1.7881× 10−6 + Z(2.7772× 10−3 − 1.5644× 10−3 min(MCO, 10) +

5.5381× 10−4min(MCO, 10)2 − 8.9342× 10−5min(MCO, 10)3 +

6.1318× 10−6min(MCO, 10)4 − 1.4808× 10−7min(MCO, 10)5)) (B144)

XCa46 = max(0, 2.794× 10−9 + 2.3051× 10−3Z2(1− 0.33082MCO + 4.3534× 10−2M2
CO −

1.6247× 10−3M3
CO)) (B145)

XTi47 = max(0, 1.0245× 10−8 + Z(−2.1705× 10−4 + 2.1569× 10−4 ×
exp(−0.48117(MCO − 6)2) + 2.5242× 10−4 exp(−0.19382(MCO − 13)2) +

9.9758× 10−4/MCO)) (B146)
XV47 = max(0, (2.2165× 10−7 +

1

log10 Z
(6.5267× 10−6 − 5.8208× 10−7

exp(−0.70109(MCO − 6)2)− 5.0208× 10−6 exp(−0.10639(MCO − 13)2)−
1.8238× 10−5/MCO))) (B147)

XCa47 = max(0, 1.0002× 10−6Z1MCO
−2.5) (B148)

XCa48 = max(0, 1.6886× 10−3Z2 + 7.282× 10−2Z2MCO
−3.5235) (B149)

XCr48 = max(0, (0.32965 + ((1− 2.6197× 10−4Z))(−0.32994 + 9.8321× 10−5 ×
exp(−0.54506(MCO − 6)2) + 2.4945× 10−4 exp(−0.15862(MCO − 13)2) +

1.152× 10−3/MCO))) (B150)242

1.4 Dissertation Outline

A
ronym/Symbol Meaning Notes

Z ZAMS Metalli
ity
Zt Current metalli
ity of the star
M Current mass of the star

MZAMS ZAMS mass of the star Can be in
reased bya

retion/merging onthe MS

Mi Initial mass of the star

MHG Mass of the star when it leaves the MS

Xj Surfa
e mass fra
tion of element j
Xi,j Initial surfa
e mass fra
tion Can be rede�ned bya

retion/merging onthe MS

X i
j Mass fra
tion of isotope j in theTPAGB intershellTable 3: Table of variables.
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XK40 = max(0, (4.0047× 10−8 + 3.0579× 10−5Z) + (2.1607× 10−7 +

3.7918× 10−4Z) exp(−(MCO − 5.3619)2)− 1.8626× 10−9MCO) (B131)
XCa40 = max(0, (3.2196× 10−3 + (log10 Z)((2.8027× 10−3 − 3.0256× 10−3MCO +

7.16× 10−4MCO
2 − 5.9506× 10−5MCO

3 + 1.6391× 10−6MCO
4)))) (B132)

XAr40 = max(0,−1.0151× 10−7 + Z(3.8561× 10−4 − 1.4072× 10−4MCO +

2.7806× 10−5MCO
2 − 2.0517× 10−6MCO

3 + 5.0291× 10−8MCO
4))(B133)

XK41 = max(0, (−1.0058× 10−7 + Z(−6.335× 10−4 + 9.1181× 10−5 ×
exp(−0.46868(MCO − 6)2) + 6.531× 10−4 exp(−9.5955× 10−2(MCO − 13)

2
) +

1.6003× 10−3/MCO))) (B134)

XCa41 = max(0, (0.25003 + (1)(−0.25003 + 1.3091× 10−5 exp(−0.52349(MCO − 6)2) +

1.6894× 10−6 exp(−−0.357(MCO − 13)2) + 1.2462× 10−5/MCO))) (B135)

XCa42 = max(0, (8.6986× 10−7 + 3.3701× 10−3Z) exp(−(MCO − 2.3283)2/0.75542) +

(2.4213× 10−5 + 4.9544× 10−3Z) exp(−(MCO − 4.8862)2/1.2788) +

(7.2903× 10−4Z) exp(−(MCO − 13)2/2)) (B136)

XCa43 = max(0,−5.2154× 10−8 + 6.0534× 10−5Z + 1.0154× 10−3MCO
−13.728 +

(1.4715× 10−7 + 3.3948× 10−4Z) exp(−(MCO − 5.7289 + 34.454Z)2))(B137)

XS
43 = max(0,−3.4459× 10−8 + (1/ log10 Z)(5.9921× 10−6 − 7.3016× 10−7

exp(−0.61822(MCO − 6)2)− 5.3374× 10−6 exp(−8.6405× 10−2(MCO − 13)
2
)−

1.3611× 10−5/MCO)) (B138)

XCa44 = max(0,−6.482× 10−7 + Z(−3.577× 10−3 + 5.2375× 10−4 ×
exp(−−0.42545(MCO − 6)2) + 3.5446× 10−3 exp(−8.3893× 10−2(MCO − 13)

2
) +

7.6211× 10−3/MCO)) (B139)
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XCl35 = max(0, (−5.9742× 10−5 + 5.4213× 10−3Z + 1.8366× 10−4MCO
−0.43502) +

(3.8797× 10−4 + 2.0306× 10−2Z) exp(−(MCO − 5.6587 + 35.18Z)2)) (B122)

XS35 = max(0,−1.3132× 10−7 + Z(3.7111× 10−4 − 3.5211× 10−4MCO +

2.1899× 10−4MCO
2 − 4.0579× 10−5MCO

3 + 2.942× 10−6MCO
4 −

7.3574× 10−8MCO
5)) (B123)

XAr36 = max(0,−2.5457× 10−3 + 1.0799× 10−2 exp(−0.53427(MCO − 5.2381)2) +

3.3881× 10−3 exp(−−0.43453(MCO − 13.415)2) +

1.9731× 10−2/MCO) (B124)

XS36 = max(0, (−4.7404× 10−7 + Z((3.6823× 10−4 + 7.035× 10−5MCO −
1.3262× 10−6MCO

2 − 1.7136× 10−7MCO
3)))) (B125)

XCl36 = max(0, 3.0722× 10−5Z + 2.5118× 10−6− log10 Z
−2.8228

(1 + 22.691 exp(−(MCO − 5)2/1.0614))) (B126)

XAr37 = max(0, (0.33039 + ((1 + 2.4937× 10−4Z))(−0.33037 +

4.6862× 10−5 exp(−0.56232(MCO − 6)2)− 2.1183× 10−5 ×
exp(−−7.2928× 10−2(MCO − 13)

2
)))) (B127)

XCl37 = max(0, 2.2537× 10−3Z(1− 1.4143× 10−2MCO) + 1.1438× 10−5 ×
exp(−MCO − 5.49052/0.13329) + 6.4414× 10−2ZMCO

−9.1447) (B128)
XAr38 = max(0,−5.771× 10−3 + (1.221× 10−3 + 0.11642Z)×

exp(−0.43682(MCO − 4.6935)2) + (5.4536× 10−3 + 1.6611× 10−2Z)×
exp(−7.1143× 10−2(MCO − 13.231)

2
) + 5.5681× 10−3/MCO)

XK39 = χ39(2.6397× 10−5 + 5.6705× 10−3Z + 1.0578× 10−4/MCO) + (2.5639× 10−4 +

3.5011× 10−3Z) exp(−MCO − 5.35822)− 4.6268× 10−6MCO) (B129)(B130)where χ39 = 1 if M < 7 M⊙, 0.5 otherwise,240

2 Low- and Intermediate-Mass StarsFrom the point of view of nu
leosynthesis, low- and intermediate-mass stellar evolution isdominated by a series of mixing events known as dredge-ups whi
h bring nu
lear pro
essedmaterial to the surfa
e. First dredge-up o

urs on the �rst giant bran
h, se
ond dredge-up,if it o

urs, at the beginning of the AGB and third dredge-up during the TPAGB. All threepro
esses have their origin in 
onve
tive mixing of pro
essed material from near the 
ore tothe surfa
e where the material 
an be lost in a stellar wind or binary intera
tion. Betweenthe dredge-ups the surfa
e layers are radiative so while nu
lear burning 
ontinues in the
ore there is no 
onne
tion between this pro
essed material and the surfa
e and enri
hedmaterial 
annot leave the star. Figure 2 shows a mass-
oordinate vs time view of thesedredge-up events.The distin
tion between low- and intermediate-mass stars is that low-mass stars undergodegenerate helium ignition � the helium �ash � at the tip of the GB while intermediate-massstars do not. The e�e
t of this �ash on the surfa
e abundan
es is thought to be negligible(Stan
li�e, private 
ommuni
ation). Intermediate-mass stars also ignite helium at the tipof the GB but in a non-degenerate 
ore, so there is no �ash rather a transition to steadyburning. Typi
al mass ranges are M ≤ 2 M⊙ for low-mass stars, 2 . M/M⊙ . 7− 8 forintermediate-mass stars, the un
ertainty owes to a slight metalli
ity dependen
e. The uppermass limit depends on fa
tors su
h as 
onve
tive overshooting and wind-loss pres
ription,e.g. for the Padova models (see below) the upper mass is 5 M⊙.2.1 The Model SetsFour sets of full stellar evolution models are used to determine nu
leosynthesis in low- andintermediate-mass stars.

• The Monash models (Karakas et al., 2002, K02) are the basis for the analyti
 �ts inthis 
hapter for all isotopes ex
ept those involved in the s-pro
ess. They were 
on-stru
ted using the Monash version of the Mount Stromlo Stellar Evolution Code and
over the mass range 1 ≤ M/M⊙ ≤ 6 and metalli
ity range 0.004 ≤ M/M⊙ < 0.02,as well as 1 ≤ M/M⊙ ≤ 2.25 , Z = 10−4 and M = 6.5 M⊙, Z = 0.02. These modelsare 
al
ulated with the wind-loss pres
ription des
ribed below (eq. 32) and without
onve
tive overshooting. The TPAGB phase, in
luding third dredge-up and HBB, ismodelled in detail. Nu
leosynthesis for stable elements up to 56Fe is 
al
ulated usingthe post-pro
essing 
ode of Cannon (1993, and Karakas, private 
ommuni
ation).These models are the basis of the syntheti
 
ode des
ribed in this 
hapter be
ause17



2 Low- and Intermediate-Mass Stars
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Figure 2: Mass 
o-ordinate vs time for an intermediate mass star with M & 4 M⊙. Pinkregions are 
onve
tively mixed, verti
ally hat
hed regions are burning shells. This�gure is based on real Eggleton 
ode output, 
ourtesy of Onno Pols.
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XMg26 = max(0, Z(0.8209− 0.33616MCO + 5.9571× 10−2M2

CO −
2.9439× 10−3MCO

3 − 6.3509× 10−5MCO
4 + 5.5777× 10−6MCO

5))(B112)
XAl27 = max(0, 0.42196Z/MCO + (2.5901× 10−3 + 0.17301Z)×

exp(−MCO − 3.7616 + 30.045Z2/0.1805) + (2.4404× 10−3 + 0.41877Z)×
exp(−MCO − 11.3082/19.571)) (B113)

XAl28 = 0 (B114)

XSi28 = max(0, 7.2177× 10−2 exp(−(MCO − 1.72)2/1.324) +

0.11199 exp(−MCO − 4.99982/4.9635) + 4.7649× 10−2

exp(−(MCO − 12.116)2/6.2636)) (B115)

XSi29 = max(0, (2.0326× 10−4 + Z((0.1975− 5.1798× 10−2MCO +

3.2181× 10−3MCO
2 + 1.276× 10−3MCO

3 − 1.3227× 10−4MCO
4 +

3.2× 10−6MCO
5)))) (B116)

XSi30 = max(0, 1.8135× 10−4 + Z(0.21305− 4.472× 10−2MCO +

4.0417× 10−3MCO
2 + 3.7584× 10−4MCO

3 − 3.0211× 10−5MCO
4))(B117)

XP31 = max(0, (1.3211× 10−3 + 0.39615Z)(8.589× 10−2 + 4.5103× 10−3MCO −
4.5734× 10−4MCOMCO) + 4.5711× 10−4 exp(−(MCO − 5.3796)2/0.63588) +

0.5× 0.16913Z1.2699 exp(−(MCO − 12.915)2/6)) (B118)

XS32 = max(0, 3.7549× 10−2 exp(−(MCO − 2.0771)2/0.8852) +

6.0379× 10−2 exp(−(MCO − 5.0281)2/3.4905) + 1.465× 10−2 ×
exp(−(MCO − 12.424)2/30.0432)) (B119)

XS33 = max(0, 3.6815× 10−4 exp(−(MCO − 5.1833)2/3.8048) +

4.5482× 10−3Z exp(−(MCO − 13)2/5) + 3.9742× 10−2ZMCO
−1.7012)(B120)

XS34 = max(0, 0.13275Z0.7497 exp(−MCO − 4.80272/0.56836) +

3.6367× 10−2Z exp(−MCO − 132/5) + 0.27296ZMCO
−0.96893) (B121)
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XO16 = max(0, 0.6179 + (1− 6.5924Z)(−0.88519 + 0.50179MCO − 0.10799MCO
2 +

1.2249× 10−2MCO
3 − 6.853× 10−4MCO

4 + 1.4418× 10−5MCO
5)) (B100)

XO17 = XO18 = 0 (B101)

XF19 = max(0, 2.9942× 10−5 + 8.1509× 10−6 log10 Z + 0.61495ZMCO
−13.484 +

(1.7899× 10−5 + 4.1949× 10−4Z) exp(−(MCO − 3.0389)2) +

3.6787× 10−7MCO) (B102)

XNe20 = max(0, (8.359× 10−2 − 0.28975Z)/(1 + 0.1MCO−6) +

(0.10872 + 0.47628Z) exp(−MCO − 32/1) + 6.5491ZMCO
−2) (B103)

XNe21 = max(0, 4.027× 10−2Z0.75936MCO
−1.3673) (B104)

XNa22 = max(0, 1.6997× 10−6 exp(−(MCO − 3.2211)2/0.74294) +

(8.6427× 10−7 − 1.8283× 10−5Z)/(1 + 0.1MCO−6.2539)) (B105)

XNe22 = max(0, 0.18885Z(1 + 0.41251MCO − 2.0495× 10−2MCOMCO) +

0.48702Z0.15151MCO
−8.6199) (B106)

XNa23 = max(0, 3.1171× 10−4 + 7.4621× 10−2Z)/(1 + 0.1MCO−6) +

(5.2008× 10−4 + 0.15019Z) exp(−(MCO − 3)2/1) +

0.51976ZMCO
−2) (B107)

XMg24 = max(0, 2.6277× 10−2 exp(−(MCO − 2.8538)2/2.1509) +

6.8362× 10−2 exp(−(MCO − 10.823)2/16.875)) (B108)
XNa24 = 0 (B109)

XMg25 = max(0, 5.3532× 10−5 + 0.39669ZMCO
−0.19653 − (5.5216× 10−5 + 0.17976Z)

exp(−(MCO − 5.0875)2/0.87357)) (B110)
XAl26 = max(0, 5.7129× 10−3Z/MCO − 6.6934× 10−6 ×

log10 Z exp(−MCO − 3.8609− 0.39476 log10 Z
2/1.7666) + (6.6046× 10−5 +

1.2425× 10−5 log10 Z) exp(−(MCO − 11.407)2/17.018)) (B111)
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2.2 Initial Abundan
e Setsthey provide evolution to almost the end of the TPAGB, detailed nu
leosynthesis upto iron and 
over a wide range of mass and metalli
ity.
• The Eggleton models (Pols et al., 1998) whi
h are the basis for the SSE 
ode ofHurley et al. (2000). Models with (OV) and without (NOV) 
onve
tive overshootingwere 
al
ulated in the mass range 0.5 ≤ M/M⊙ ≤ 40 with 10−4 ≤ Z ≤ 0.03.While the mass and metalli
ity range 
overed by these models is greater than theMonash set nu
leosynthesis is limited to 1H, 4He, 12C, N, 16O, Ne and 24Mg whereNe =20 Ne +22 Ne and N represents everything else. The AGB is modelled but withinsu�
ient time resolution to obtain thermal pulses so these models are not espe
iallyuseful for 
reation of a syntheti
 TPAGB model.
• The FRANEC models (Gallino et al., 1998) were 
al
ulated spe
i�
ally to model the

s-pro
ess in TPAGB stars and are used to evaluate s-pro
ess abundan
es appropriatefor intershell material at ea
h third-dredge up (Lugaro, private 
ommuni
ation, seese
tion 2.11 below). The models have masses 1.5 M⊙, 3 M⊙ and 5 M⊙ and metalli
ities

0.02, 0.006, 0.002, 0.005 and 10−4.
• The Padova group's models (Girardi et al., 2000) are probably the most popularset of models in 
urrent use and form the basis of the envelope integration 
ode ofMarigo (2001). They in
lude 
onve
tive overshooting (OV) ex
ept for one model set(NOV) at Z = 0.019 but not mass loss and 
over the mass range 0.15 ≤M/M⊙ ≤ 7and metalli
ity range 4 × 10−4 ≤ Z ≤ 0.03. The models in
lude �rst and se
onddredge-up but do not extend to the TPAGB. Nu
leosynthesis in
ludes 1H, 4He, 12C,

13C, 14N, 15N, 16O, 17O and 18O but no isotopes beyond this. Note that where thePadova models are used to 
ompare with the others the Z = 0.019 sets are referredto as Z = 0.02.2.2 Initial Abundan
e SetsThe traditional1 
hoi
e of initial isotopi
 abundan
e mix in stellar models is to use thesolar abundan
e set of Anders & Grevesse (1989, hereafter AG89) and to s
ale isotopesheavier than helium with a fa
tor Z/Z⊙. The Monash models adopt this approa
h for

Z = 0.02 and Z = 10−4 but use observed isotopi
 abundan
es from the Magellani
 Clouds(Russell & Dopita, 1992) for Z = 0.008 and Z = 0.004. In order to �t the 
hange in surfa
eabundan
e to the Monash models it is ne
essary to use the same initial abundan
e set.Table 4 shows that the di�eren
e between the 
hoi
es are quite signi�
ant, up to a fa
torof 4 for 14N in the SMC.1Re
ently, at least! 19



2 Low- and Intermediate-Mass Stars

Z = 0.02 LMC Z = 0.008 LMCS
aled SMC Z = 0.004 SMCS
aled

1H 0.68720 0.73689 0.74840
4He 0.29280 0.25510 0.24760
12C 2.92593× 10−3 9.69593× 10−4 0.83 4.82297× 10−4 0.82

1.17037× 10−3 5.85186× 10−4

13C 4.10800× 10−5 2.88281× 10−5 1.75 1.49927× 10−5 1.82

1.6432× 10−5 8.216× 10−6

14N 8.97864× 10−4 1.42408× 10−4 0.40 5.10803× 10−5 0.28

3.59146× 10−4 1.79573× 10−4

15N 4.14000× 10−6 2.90500× 10−6 1.75 1.51090× 10−6 1.82

1.656× 10−6 8.28× 10−7

16O 8.15085× 10−3 2.63954× 10−3 0.81 1.28308× 10−3 0.79

3.26034× 10−3 1.63017× 10−3

17O 3.87600× 10−6 2.72000× 10−6 1.75 1.41459× 10−6 1.82

1.5504× 10−6 7.752× 10−7

22Ne 1.45200× 10−4 1.01894× 10−4 1.75 5.29927× 10−5 1.82

5.8088× 10−5 2.904× 10−5Table 4: ZAMS abundan
es (mass fra
tions) used in the Monash models for Z = 0.02, 0.008and 0.004 (top numbers) and the equivalent solar-s
aled abundan
e (numbersbelow).
20
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Figure B6: As �gure B1 for 29Si to 69Zn. 237
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Figure B5: As �gure B1 for 21Ne to 28Si.236

2.3 First Dredge Up
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e vs mass 
o-ordinate Mr inside a 1.25 M⊙, Z = 0.02 star just beforeand during �rst dredge-up.2.3 First Dredge UpPrior to as
ent of the giant bran
h the produ
ts of internal nu
leosynthesis are generallynot visible at the surfa
e of the star. The situation inside the star is di�erent. During thepre-main sequen
e and main-sequen
e CNO pro
essing 
onverts 12C and 16O to 13C and

14N. The exa
t amount of 
onversion depends sensitively on mass and metalli
ity. Theisotopi
 pro�les through the star are 
omplex and impossible to follow syntheti
ally. As thestar evolves up the giant bran
h a deep surfa
e 
onve
tive envelope forms whi
h dredges upmaterial from below redu
ing the surfa
e 12C and 16O and in
reasing the surfa
e 13C and

14N. Figure 3 shows the hydrogen, helium and CNO abundan
es of a 1.25 M⊙, Z = 0.02,non-overshooting Eggleton model prior to �rst dredge-up and during the dredge-up. Thein
rease in surfa
e 14N and de
rease in 12C is due to mixing of the CNO pro
essed materialat Mr ≈ 0.4M⊙. Also apparent is that the 
hange in surfa
e abundan
e is sensitive to thedepth of the surfa
e 
onve
tion zone and 
onve
tive overshooting.A 4 M⊙, Z = 0.02 star exists for the Monash, Eggleton (NOV) and Padova (OV andNOV) group model sets and the 
hanges in surfa
e abundan
e during �rst dredge-up areshown in table 5. Conve
tive overshooting doubles the amount of 4He dredged-up, 
onsis-tent with overshooting at the base of the 
onve
tion zone eating further into the helium
ore than the non-overshooting models. The e�e
t on the other isotopes is less obviousbut the Monash and Padova (NOV) models agree reasonably well. The Eggleton 
ode
onsistently overestimates the 
hanges relative to the other 
odes, perhaps owing to itsdi�erent mixing s
heme and perhaps the small number of isotopes 
onsidered. There aresome minor 
hanges to Ne, Na and Mg, owing to NeNa and MgAl 
y
ling, a

ording to theMonash models but these isotopes are not available for 
omparison from any other modelset.Fortunately the e�e
t of �rst dredge-up is quite sudden on stellar evolutionary times
ales,so 
an be �tted as an event rather than an ongoing pro
ess. Analyti
 �ts to the 
hanges21



2 Low- and Intermediate-Mass StarsIsotope Monash Eggleton (NOV) Padova (OV) Padova (NOV)

1H −1.01× 10−2 −2.28× 10−2 −2.6× 10−2 −1.2× 10−2

4He 9.92× 10−3 2.28× 102 2.6× 10−2 1.2× 10−2

12C −1.07× 10−3 −1.46× 10−3 −1.00× 10−3 −1.05× 10−3

13C 4.99× 10−5 - 7.58× 10−5 6.58× 10−5

14N 1.48× 10−3 2.09× 10−3 1.66× 10−3 1.48× 10−3

15N −2.19× 10−6 - −1.86× 10−6 −1.89× 10−6

16O −3.31× 10−4 −7.0× 10−4 −6.7× 10−4 −4.0× 10−4

17O 1.36× 10−5 - 1.12× 10−5 1.75× 10−5

18O −5.71× 10−6 - −4.3× 10−6 −4.9× 10−6

19F −1.99× 10−8 - - -

20Ne −1.16× 10−7 0 - -

21Ne 1.29× 10−7 - - -

22Ne −1.53× 10−5 - - -

23Na 1.59× 10−5 - - -Table 5: Surfa
e abundan
e 
hanges at �rst dredge-up for a 4 M⊙, Z = 0.02 star.in surfa
e abundan
e from the Monash models are given in appendix B1.2.4 Se
ond Dredge-UpAfter 
ore helium burning has �nished the star again 
limbs the giant bran
h. Shell heliumburning begins, the helium exhausted 
ore moves outward in mass and the surfa
e 
on-ve
tion zone moves inward, eating into previously hydrogen-burned material (see �gure 4).The produ
ts of hydrogen burning are mixed to the surfa
e in the pro
ess known as se
onddredge-up. Stars with mass greater about about 4 M⊙ experien
e signi�
ant 
hanges insurfa
e abundan
e at se
ond dredge-up.Table 6 
ompares the surfa
e abundan
e 
hanges during se
ond dredge-up from thevarious model sets. Again the amount of 
onve
tive overshooting is important, with thePadova overshooting models mixing more pro
essed material to the surfa
e. The non-overshooting models give similar results, with the Monash model 
hanges generally lyingbetween the Eggleton and Padova models. All the CNO isotopes ex
ept 14N and 17O dropas a result of CNO pro
essing, 20Ne and 22Ne drop at the expense of 21Ne and 23Na owingto NeNa 
y
ling, 25Mg is destroyed in the MgAl 
y
le while 26Mg is 
reated. 24Mg and Albarely 
hange, nor do heavier isotopes.As with �rst dredge-up, se
ond dredge-up is a relatively qui
k pro
ess so is modelledas an instantaneous event whi
h o

urs at the start of the TPAGB. Analyti
 �ts to the
hanges in surfa
e abundan
e from the Monash models are given in appendix B2.22
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Figure B4: As �gure B1 for 70Ge to 20Ne. 235
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Figure B3: As �gure B1 for 66Cu to 69Ge.234

2.4 Se
ond Dredge-Up
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Figure 4: Se
ond dredge-up in a 5 M⊙, Z = 0.02 Eggleton model star. As the He-exhausted
ore (green line) grows the surfa
e 
onve
tion zone eats into and shrinks theH-exhausted 
ore (red line). The hydrogen-burned matter between 0.83 and

1.01 M⊙ (blue lines) is mixed into the 
onve
tive envelope, altering surfa
e abun-dan
es.
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Isotope Monash Eggleton (NOV) Padova (OV) Padova (NOV)

1H −3.13× 10−2 −3.26× 10−2 −4.50× 10−2 −2.40× 10
4He 3.13× 10−2 3.27× 10−2 4.60× 10−2 2.40× 10−2

12C −1.17× 10−4 −1.40× 10−4 −1.90× 10−4 −1.10× 10−4

13C −2.45× 10−6 - −3.00× 10−6 0
14N 4.50× 10−4 5.40× 10−4 7.20× 10−4 4.00× 10−4

15N −1.31× 10−7 - −1.80× 10−7 −1.20× 10−7

16O −3.56× 10−4 −4.50× 10−4 −5.70× 10−4 −3.10× 10−4

17O 4.31× 10−7 - 7.00× 10−7 9.00× 10−7

18O −1.00× 10−6 - −1.40× 10−6 −8.00× 10−7

19F −2.31× 10−8 - - -

20Ne −7.28× 10−7 0 - -

21Ne 7.70× 10−7 - - -

22Ne −7.25× 10−6 - - -

23Na 7.57× 10−6 - - -

24Mg 2.30× 10−9 0 - -

25Mg −2.69× 10−6 - - -

26Mg 2.75× 10−6 - - -

26Al 2.93× 10−8 - - -

27Al 2.23× 10−8 - - -Table 6: Surfa
e abundan
e 
hanges during se
ond dredge-up for a 5 M⊙, Z = 0.02 model.
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Figure B2: As �gure B1 for 35Cl to 65Cu. 233
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Figure B1: Mass-fra
tion �ts to the WW95 CO 
ore-
ollapse yields (in alphanumeri
 or-der) for 26Al to 48Ca. Red lines show the WW95 data, 
orre
ted for enveloperemoval, the blue lines show the �ts.232

2.5 TPAGB Evolution2.5 TPAGB EvolutionIn order to syntheti
ally model the Monash TPAGB model nu
leosynthesis it is also ne
-essary to model the stellar evolution: 
ore mass, radius, luminosity et
. The pres
riptionused in the SSE model, based on Eggleton models with 
onve
tive overshooting and alarger timestep, is signi�
antly di�erent from the Monash models. The state of the star atthe beginning of the TPAGB is known from the �t to the 
ore mass at the �rst thermalpulse. The star is evolved forward in time pulse by pulse (see �gure 5). Between pulsesthe star loses mass at a rate Ṁ from the envelope in a wind. The 
ore grows owing tohydrogen burning and the envelope material may experien
e hot-bottom burning. At everytimestep, usually 
oin
ident with a thermal pulse, the HBB algorithm is a
tivated. If thetime sin
e the previous pulse ex
eeds the interpulse period this is immediately followedby third dredge-up. The 
hange in 
ore mass owing to nu
lear burning and dredge-up
ombined with the e�e
t of wind loss determines the time evolution of the star.The �t for the 
ore mass at the �rst thermal pulse, M
,1TP, valid for the range 0.004 ≤
Z ≤ 0.02 and 1 ≤ M1TP/M⊙ ≤ 6, , where M1TP is the stellar mass at the �rst thermalpulse, is taken from K02

M
,1TP/M⊙ = f17(−a17(M1TP/M⊙ − b17)2 + c17) +

(1− f17)(d17M1TP/M⊙ + e17) , (17)where
f17 =

(

1 + e
M1TP/M⊙−g17

h17

) (18)is metalli
ity dependent and is interpolated from the tables in K02 (see appendix B3). Uponextrapolation this fun
tion is well behaved for 0.02 < Z ≤ 0.03. Below M = 1 M⊙ therelation �attens o� so there is little mass dependen
e upon extrapolation, aboveM = 6 M⊙the relation is linear and is assumed to be 
orre
t � there is no way to test it. K02 �ndlittle 
hange in M
,1TP whether mass loss is in
luded or not be
ause the M
,1TP(Mi) 
urve�attens o� at low mass so GB mass loss is not important.In order to evolve the star forward in time the interpulse period, luminosity and radiusare required as fun
tions of M , M
 and Z. A dire
t �t to the time, t, is avoided so themass-loss rate 
an be varied and the 
ode used for binary stars. For some of the �ts

M
,nodup, the 
ore mass as it would be in the absen
e of third dredge-up, is used. It isde�ned by

M
,nodup(t) = M
,1TP +

∫ t

t1TP max(0,
dMc

dt
) dt , (19)25
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’Figure 5: Time evolution of the syntheti
 AGB model (λ > 0, not to s
ale). During theinterpulse period τip the hydrogen-free 
ore M
 (Intershell + CO Core) grows by
∆MH and the envelope loses mass Ṁτip. At the end of the interpulse period theenvelope is burned using the HBB algorithm and then a He-shell �ash o

urs
ausing ∆Mdredge = λ∆MH of material from the intershell region to mix with the
onve
tive envelope. The new interpulse period τ ′ip is 
al
ulated and the evolution
ontinued. The CO 
ore is shown here but is 
onsidered to have the same massas the hydrogen-free 
ore.
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B8 WW95 FitsB8 WW95 FitsFigures B1 to B6 show the 
omparison of the analyti
 �ts to the WW95 CO 
ore 
ollapse(model A) SNe eje
ta abundan
es after the envelope is removed a

ording to the methodof Portinari et al. (1998), see appendix A3. The �tting formulae are shown below. 56Ni isgrouped with 56Fe prior to �tting. The �ts are made to all the WW95 isotopes, howeversome are not 
urrently used in the syntheti
 model or are expe
ted to de
ay rapidly. Forthis reason 56Co is treated as 56Fe, 52Fe is treated as 52Cr, 48Cr as 48Ti, 44Ti as 44Ca, 61Nias 60Ni, 31S as 32Si, 30Si as 28Si. Other tra
e elements are dealt with in appendix B10.

XBe7 = max(0,−1.6578× 10−7 +
1

log10 Z
(1.9828× 10−6 −

2.2016× 10−6 exp(−9.1326× 10−2(MCO − 13)
2
)−

6.0303× 10−6/MCO)) (B89)

XLi7 = max(0, 9.4064× 10−8 − 4.6566× 10−9MCO + 6.1132× 10−6MCO
−4.0742) (B90)

XBe9 = max(0, (−9.3132× 10−10 + 4.61× 10−7Z)MCO
−3.022) (B91)

XB10 = max(0, (−8.3819× 10−9 + 4.2869× 10−6Z)MCO
−3.0202) (B92)

XC11 = max(0, (1.4063× 10−6 + 2.4038× 10−5Z)MCO
−1.7376 +

(9.3132× 10−10 + 1.7416× 10−7Z)MCO) (B93)

XB11 = max(0,−9.7789× 10−8 +
1

log10 Z
(−4.7563× 10−6/MCO +

9.3132× 10−9 − 6.5193× 10−9MCO)) (B94)

XC12 = max(0, (0.21486− 2.9967× 10−2 log10 Z)MCO
−0.77067) (B95)

XN13 = max(0,min(1,max(0, (Z − 0.0002)/1.8× 10−3))

(−3.9861× 10−7 + 8.9584× 10−6/MCO)) (B96)

XC13 = XN14 = 0 (B97)

XC14 = max(0, 2.0684× 10−2ZMCO
−3.5578 − 3.9593× 10−3

exp(−MCO − 2.8975 + 36.874Z2/8.9678× 10−3)) (B98)

XN15 = max(0,−7.5772× 10−6 + (−3.5698× 10−4 + 1.7455× 10−2Z)/MCO +

(3.3997× 10−4 − 7.335× 10−3Z)/MCO
0.70029) (B99)231
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 FitsEq. (124) a b

MZAMS/M⊙ < 25.19 3.8576− 3.0414× 10−1MZAMS −1.2725× 101 + 1.0165MZAMS

+6.295× 10−3M2ZAMS −2.1193× 10−2M2ZAMS

25.19 ≤MZAMS/M⊙ < 46.21 −1.4495× 10−2 −6.3494× 10−1 + 5.5562× 10−2MZAMS

+6.7851× 10−4MZAMS −9.4467× 10−4M2ZAMS

46.21 ≤MZAMS/M⊙ < 66.32 1.119× 10−2 2.3992× 10−1 − 7.6394× 10−3MZAMS

+6.7851× 10−4MZAMS +3.0795× 10−5M2ZAMS

MZAMS/M⊙ ≥ 66.32 −2.325× 10−2 + 1.0086× 10−3MZAMS 2.3992× 10−1 − 7.6394× 10−3MZAMS

−5.467× 10−6M2ZAMS +3.0795× 10−5M2ZAMSTable B18: Coe�
ients for a and b ψC12.

γ13 =
Zγ14

0.02
min

{

0.1,max

[

10−4, 1.1254× 10−1

(

1− 1.009

1 + 0.8MZAMS−32.051

)]}

. (B87)The fa
tor γ14 is positive when there is little 14N, negative when 14N 
onstitutes the ma-jority of the CNO present representing the de
line of 13C when CN burning approa
hesequilibrium and zero when there is little hydrogen left to burn,

γ14 =







−2.0 XXH1 > 0.3 andXN14/XCNO > 0.5
1 XXH1 > 0.3 andXN14/XCNO ≤ 0.5
0 XXH1 ≤ 0.3 .

(B88)Note that the initial 13C abundan
e must be doubled in order to mat
h the MM94 models.The reason is un
lear.
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2.5 TPAGB Evolutionwhere t1TP is the time of the �rst thermal pulse. The use of M
,nodup allows e�e
ts of anin
rease in degenera
y in the 
ore during 
ore growth to be taken into a

ount.The 
hange in 
ore mass is de�ned by
∆M
 = M
 −M
,1TP (20)and the 
hange in 
ore mass without third dredge-up

∆M
,nodup = M
,nodup −M
,1TP . (21)The interpulse period τip is based on the formula in Wagenhuber & Groenewegen (1998)but modi�ed to �t the Monash models (Pols, private 
ommuni
ation) and in
ludes a de-penden
e on the dredge-up parameter λ (see se
tion 2.6)
log10(τip/yr) = a22(M
/M⊙ − b22)− 10c22 − 10d22 + 0.15λ2, (22)where c22 and d22 are taken dire
tly from Wagenhuber & Groenewegen (1998), α is themixing length parameter (α = 1.75 for the Monash models) and ζ = log10(Z/0.02). The
oe�
ients are given in appendix B3.For low-mass stars the peak luminosity at ea
h pulse (after the �rst few thermal pulses)follows a linear 
ore-mass�luminosity relation (CMLR, Pa
zynski, 1970). For intermediate-mass stars (Mi & 3.5 M⊙) this relation fails be
ause of hot-bottom burning (Blö
ker &S
hönberner, 1991; Marigo et al., 1999; see also se
tion 2.7). The peak luminosity is �ttedas a sum of the 
ore-mass luminosity LCMLR and a term owing to HBB in the envelope,

Lenv , su
h that
L = fd(ftLCMLR + Lenv) L⊙ . (23)The CMLR is given by a quadrati
 in M
 for high initial 
ore masses otherwise a linearform is more suitable. If M
,1TP > 0.58

LCMLR = 3.7311× 104 ×
max [(M
/M⊙ − 0.52629)(2.7812−M
/M⊙),

1.2(M
/M⊙ − 0.48)] (24)otherwise

LCMLR = max [4(18160 + 3980Z)× (M
 − 0.4468)− 4000, 10] . (25)No �t exists for M
 < M
,1TP so the above expression is used for M
 > 0.4468 otherwisethe expression from H02 is used 2.The envelope luminosity is given by2Stars with su
h a low 
ore mass 
an only form in binary systems. 27
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ore mass during the TPAGB phase for Z = 0.02 (left), 0.008(
entre) and 0.004 (right). The grey points are the Monash full stellar evolutionmodels, the bla
k points are the syntheti
 models with the same initial masses.The full stellar evolution models in
lude post-�ash dips while the syntheti
 mod-els do not. Models with 
ore masses above about 0.8 M⊙ show HBB.

Lenv = 1.50× 104(Menv/M⊙)2 ×
[

1 + 0.75(1− Z

0.02
)

]

max

[

(

M
/M⊙ +
1

2
∆M
,nodup/M⊙ − 0.75

)2

, 0

]

, (26)where Menv = M −M
 with a turn-on fa
tor for the �rst few pulses

ft = min

[

(

∆M
,nodup

0.04

)0.2

, 1.0

]

. (27)The short-times
ale 
hanges in luminosity whi
h o

ur during the thermal pulse 
y
le arenot modelled ex
ept to 
alibrate dredge-up, see se
tion 2.6. However, it is ne
essary to
orre
t for these to obtain an a

urate evolution algorithm. This is done with the fa
tor
fd given by

fd = 1− 0.2180 exp [−11.613(M
/M⊙ − 0.56189)] . (28)Figure 6 shows the luminosity for the Monash full stellar evolution and syntheti
 modelsvs 
ore mass.The radius R is de�ned by L = 4πσR2T 4e� where σ is the Stefan-Boltzmann 
onstantand Te� is the e�e
tive temperature of the star, de�ned to be the mass shell where the gastemperature equals Te�. The �t takes the basi
 form logR ≈ A logL with a 
orre
tion forenvelope mass loss

log10(R/R⊙) = a29 + b29 log10(L/L⊙) + c29 log10(Menv/Menv,1TP) . (29)28

B7 Massive Hydrogen StarsEq. (123)

a −9.4× 10−2 + 1.1468× 10−1/0.010.19394MZAMS−6.8227 g 8.48070× 10−1

b 3.2732− 4.8939× 10−2MZAMS + 3.7616× 10−4M2ZAMS h 1.974× 10−2

c 18.88− 1.1831 exp(−(lnMZAMS − ln 17.8)2/0.5076) i −4.3243× 10−4

d −13.936− 0.68025 exp(−(lnMZAMS − ln 16)2/0.97626) j 2.5574× 10−6

e 0.8064− 0.81104/(1 + 1.4638−1.1967MZAMS+55.336) + 1.7509× 10−7M3ZAMS k −4.4266× 10−1

f 0.70766 + exp [3.7462× 10−2(MZAMS − 82.122)] l 1.146× 102Table B17: Coe�
ients for ψO16.
X

(1)XH1 = max
(

min
[

0.2, (1 + aB82MZAMS + bB82M
2ZAMS)(1 + cB82Zt)dB82fZ

]

, X
(0)XH1)(B82)and the �nal bump as the helium 
ore approa
hes the surfa
e for stars with dM2 > 0,

∆M > dM2 and MZAMS < 45(Z/0.02)

X
(2)XH1 = X

(1)XH1 −max
[

0, 0.5X
(1)XH1(∆M − dM2)

]

. (B83)Finally,
XXH1 = max

[

0,min(X
(2)XH1, Xi,XH1)] (B84)be
ause XXH1 
annot in
rease and 
annot fall below zero.B7.4 Helium and MetalsSurfa
e helium is 
al
ulated from

XHe4 =

{

1−XH1 − Zt M −M
 ≥ 1 M⊙
min [1− Zt,max {1− Zt − (M −M
), 1−XH1 − Zt}] M −M
 < 1 M⊙(B85)where the 
orre
tion for M −M
 < 1 M⊙ ensures a smooth transition to the helium starphase (for whi
h XHe4 ≈ 0.95). This is parti
ularly important in binary stars where thestar may jump from the HG to the HeMS be
ause of enhan
ed mass loss.The 
oe�
ients for the 16O and 12C �ts are given in tables B17 and B18. The 
onstant

c124 is given by

c124 =

{

4.3012× 10−1 − 8.3078× 10−1b124 b124 < −0.423
4.6923s× 10−1 − 1.3706b124 b124 ≥ 0.423 .

(B86)The fa
tor γ13 is given by 229



B Analyti
 FitsMass Range δX1 δM1

MZAMS > Mlow 0.75 + 0.05MZAMS −3.08 + 0.35MZAMS

MZAMS < 45 M⊙
MZAMS > Mlow −0.1 0
MZAMS ≥ 45 M⊙

MZAMS < Mlow −2( Z
0.01

)3

(Mlow−MZAMS)2 0

∆M ≤ 1.5
MZAMS < Mlow 0.2(0.75 + 0.05MZAMS) −3.08 + 0.35MZAMS

∆M > 1.5Mass Range δX2 δM2 s1 
hange

MZAMS > Mlow 0 0 s1 = sa1 if sa1 > 0.1
MZAMS < 45 M⊙ otherwise no 
hange

MZAMS > Mlow −0.5fZdX
(1)
2 −9.515− 472Zt s1 = sa1 if sa1 > 0.1

MZAMS ≥ 45 M⊙ otherwise no 
hange

MZAMS < Mlow 0 0 no 
hange

∆M ≤ 1.5
MZAMS < Mlow 0 0 s1 = sa1

∆M > 1.5Table B16: Metalli
ity-
orre
tion terms for massive hydrogen stars.and a metalli
ity dependent mass

Mlow = aB77 + bB77Z (B77)su
h that

dX1 = dX
(1)
1 (1 + δX1fZ) (B78)

dM1 = dM
(2)
1 + δM1fz , (B79)

dX2 = dX
(1)
2 + δX2 (B80)and

dM2 = dM
(0)
2 + δM2 (B81)where the δX and δM are given in table B16. The surfa
e hydrogen abundan
e X(0)XH1 isthen 
al
ulated from eq. (B54).There are further slight 
ompli
ations owing to metalli
ity, a minimum hydrogen abun-dan
e prior to the helium star phase in low-Z stars228
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Mc / M�Figure 7: As �gure 6 but for radius.The 
oe�
ients a29, b29 and c29 are extrapolated from table B5. As Menv tends to zero thisradius diverges so it is 
apped at 103 R⊙. The BSE model also trun
ates the stellar radiusas Menv be
omes small to allow a smooth transition to the WD 
ooling tra
k on the HRdiagram (see appendix B5). Figure 7 shows the radius, without small envelope 
orre
tions,vs 
ore mass from the Monash models and syntheti
 models.Between pulses the hydrogen-de�
ient 
ore grows owing to hydrogen burning. The lu-minosity is due mainly to this and so 
an be used to 
al
ulate the 
hange in 
ore massduring any timestep
∆M
 = min(L,Lmax)Qδt , (30)where L is the luminosity, δt is the timestep and Q is the e�e
tive nu
lear burning e�
ien
y.The 
ap at Lmax = 3.0× 104 L⊙ is introdu
ed be
ause an in
rease in 
ore size beyond thisrate is not seen in the Monash models (see �gure 8, left panel). Q is set to

Q = 10−11(2.72530− 1.8629XH1) (31)as �tted to the Monash models, see the right panel of �gure 8. The �t is not so good formodels whi
h experien
e HBB but these models undergo deep dredge-up so the net 
oremass growth, and any asso
iated error, is small.To 
ompare the syntheti
 model to the Monash models the same wind-loss pres
riptionis used (K02, se
tion 2). Before the giant bran
h the mass-loss rate Ṁ is negligible. Onthe giant bran
h the formula of Kudritzki & Reimers (1978) with η = 0.4 is used. On theEAGB and TPAGB the mass-loss rate is a

ording to Vassiliadis & Wood (1993, VW93),without the 
orre
tion for masses above 2.5 M⊙, so

log10(Ṁ/M⊙ yr-1) = −11.4 + 0.0125(P/d), (32)where P is the Mira pulsation period given by

log10(P/d) = −2.07− 0.9 log10(M/M⊙) + 1.94 log10(R/R⊙) . (33)A typi
al mass-loss rate is then about 10−9 M⊙ yr−1 for a 1.9 M⊙, Z = 0.008 star (a29
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Figure 8: Left panel: dM


dt

vs L for the Monash models with dM


dt
> 0. The bla
k line isthe �t used in the syntheti
 model. Right panel: dM


dt
× 1

L/L⊙
= Q vs surfa
ehydrogen abundan
e for the Monash models with dM


dt
> 0, the bla
k line is the�t used in the syntheti
 model. Most of the model points below the syntheti
 �tare stars undergoing HBB so the linear �t fails but the error on M
 is small (seetext for details).
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B7 Massive Hydrogen StarsB7.2 Wind LossTo 
ope with wind loss de�ne

dM
(a)
1 = (MZAMS −MHG) +

max(0, aB67 + bB67MZAMS, cB67 + dB67MZAMS) (B67)whi
h for
es the drop in hydrogen when the star leaves the MS and 
hanges forM . 54 M⊙and M & 54 M⊙

f54 = F (MZAMS, 1, 1, 0.01, 54) , (B68)

fX1 = 1 + (1− f54)
(dM

(a)
1 − dM

(1)
1 )

20

(B69)so

dX
(1)
1 = fX1dX(0)

1 +
2f54

M −M
 + 10−14
, (B70)

dX
(1)
2 = fX1dX(0)

2 (B71)and
dM

(2)
1 = (1− f54)dM

(a)
1 + f54dM

(1)
1 . (B72)For small XH1 su
h that XH1 − dX(1)

1 < 0.1 a 
orre
tion is applied

∆XH1 = max

[

1,
Zt

0.02

]

×max
[

0, 5× 10−3(∆M − dM (1)
2 )Xi,H1] (B73)otherwise

∆XH1 = 0 . (B74)B7.3 Metalli
ity Corre
tionsMetalli
ity 
orre
tions are then applied. A fun
tion fZ whi
h is 1 below Zt = 0.01 and 0above Zt = 0.02 with a smooth transition is de�ned by

fZ =
1

1 + 0.1103(0.015−Zt)
. (B75)The slope s1 may be rede�ned be
ause of metalli
ity a�e
ting the 
onve
tion zones

sa1 = fZaB76 exp

[

−(MZAMS − bB76)
2

cB76

] (B76)227
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dM
(0)
2 = aB65 + bB65MZAMS (B65)and

log10 s
(0)
2 = max(−10, aB66 + bB66MZAMS) . (B66)
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2.6 Third Dredge-Uptypi
al 
arbon star mass, with L ≈ 5 × 103 L⊙, R ≈ 200 R⊙ and P ≈ 200 d) prior tosuperwind. This is a little low 
ompared to observations (e.g. Wallerstein & Knapp, 1998)although higher-mass stars have signi�
antly higher rates (e.g. Ṁ ≈ 4× 10−7 M⊙ yr−1 for
M = 6 M⊙, Z = 0.02) and as Wallerstein & Knapp (1998) point out it is more di�
ult toobserve AGB stars with low mass-loss rates so there is some observational bias. The radiusused in eq. (32) is that 
al
ulated in eq. (29) without the envelope 
orre
tion of H02.On the TPAGB and for P ≥ Pmax the rate in eq. (32) is trun
ated (if ne
essary) to asuperwind given by

Ṁ =
L

c vexp , (34)where c is the speed of light and vexp is the expansion velo
ity of the wind (VW93) givenby

vexp = min [(−13.5 + 0.056Pmax/d), 15] km s-1. (35)The Monash models have Pmax = 500 d and this is used in the standard syntheti
 model.The superwind mass-loss rate is usually mu
h greater than the rate given in eq. (32)and leads to a qui
k end for the star and probably a planetary nebula. For the 1.9 M⊙,

Z = 0.008 star a typi
al superwind mass-loss rate is about 10−5 M⊙ yr−1 whi
h agreesreasonably with observations (Wallerstein & Knapp, 1998).2.6 Third Dredge-UpThe e�
ien
y of third dredge-up is parameterized by

λ =
∆Mdredge

∆MH , (36)where ∆Mdredge is the mass dredged up from the intershell region and ∆MH is the 
ore massin
rease owing to hydrogen burning during the previous interpulse period (see �gure 5)so that over a whole interpulse period the 
ore grows by ∆M
 = ∆MH − ∆Mdredge =
(1− λ)∆MH. The �tting of λ to M and Z is an approximation to the true, and unknown,form whi
h would depend on M
, Menv, Z and perhaps M
,nodup.The dredged-up material is instantaneously mixed with the 
onve
tive envelope of thestar. There is a possibility of a degenerate thermal pulse in some stars (Frost, Lattanzio &Wood, 1998). However the e�e
t is to in
rease the amount of 12C dredged-up by a fa
torof 4 so one degenerate pulse is equivalent to about four normal pulses. Frost et al. (1998)report degenerate thermal pulses in a 5 M⊙, Z = 0.004 star whi
h would also undergo manydozens of non-degenerate third dredge-up events, so the e�e
t of one or two degeneratepulses is small 
ompared to the e�e
t of non-degenerate pulses and su
h pulses are notmodelled with the syntheti
 model. 31



2 Low- and Intermediate-Mass StarsK02 �nd third dredge-up for stars above a 
ertain 
ore mass Mmin
 , a fun
tion of Mi, Zand Msdu, where Msdu is the mass above whi
h se
ond dredge-up o

urs (Msdu ≈ 4M⊙ for

Z = 0.02 and Msdu ≈ 3.5M⊙ for Z = 0.004). For M < Msdu the minimum 
ore mass isgiven by K02

Mmin∗
 /M⊙ = a37 + b37M/M⊙ + c37(M/M⊙)2 + d37(M/M⊙)3 . (37)ForM ≥Msdu−0.5 M⊙ K02 �ndMmin
 > 0.7 M⊙ soMmin
 = M
,1TP. Equation (37) divergesas M in
reases and so is 
apped at 0.7 M⊙. A 
orre
tion is subtra
ted for Z < 0.004 tofor
e dredge-up in the low-metalli
ity models

∆MLZ = −205.1Z + 0.8205. (38)Finally the above pres
riptions are 
ombined so Mmin
 is given by

Mmin
 = max
[

M
,1TP,min(0.7 M⊙,M

min∗
 −∆MLZ)] . (39)The use of M rather than Mi is 
onsistent with K02 but allows a redu
ed envelope massto redu
e λ. Below Mmin
 , λ = 0. For M
 > Mmin
 , λ rea
hes an asymptoti
 value λmax Nr.

λmax is �tted with

λmax =
a40 + b40M/M⊙ + c40(M/M⊙)3

1 + d40(M/M⊙)3
, (40)with a40 . . . d40 fun
tions of metalli
ity (K02, see also appendix B3). For M ≥ 3.0 M⊙,

λ rea
hes a value of 0.8 − 0.9 with a slight metalli
ity dependen
e. At low metalli
itydredge-up is e�
ient at low mass so for Z ≤ 0.004 eq. (40) is used with M arti�
iallyin
reased by an amount 60× (0.004− Z).The dependen
e on pulse number sin
e M
 & Mmin
 , N , is approximated by

λ(N) = λmax (1− exp−N/Nr) . (41)Table 5 of K02 lists appropriate values for Nr but there is no systemati
 variation that iseasily �tted with a simple fun
tion. The �t is

Nr = (a42 + b42Z)× exp

(

[M1TP − c42]2
d42

)

+

(e42 + f42Z)× exp

(

[M1TP − g42]
2

h42

)

. (42)Figure 9 (left panel) shows the temperature at the base of the 
onve
tive envelope atthe �rst pulse from the Monash models. Note that use of the Marigo, Girardi & Bressan(1999) pres
ription for dredge-up above log10 Tb
e = 6.4 would lead to dredge-up in allthe Monash stars. Also in �gure 9 is a 
omparison of K02's Mmin
 with Marigo et al.'s32

B7 Massive Hydrogen Stars
dM

(0)
1 = (1− fM75)(aB57 − bB57MZAMS + cB57M

2ZAMS + dB57M
3ZAMS) +

fM75(eB57 + fB57MZAMS + gB57M
3ZAMS) . (B57)For MZAMS < 20 M⊙ this is 
orre
ted to dM (1)

1

dM
(1)
1 = max

[

0.2,min
(

dM
(0)
1 , aB58 − bB58MZAMS + cB58M

2ZAMS)] (B58)otherwise dM (1)
1 = dM

(0)
1 .For MZAMS < 31 M⊙ dX

(0)
1 is given by

dX
(0)
1 = aB59 + bB59MZAMS (B59)otherwise

dX
(0)
1 = fZ31 × fM55 × [(1− f1)× (aB60 + bB60MZAMS + cB60M

4ZAMS)+
f1 max(dB60, eB60 +

fB60

MZAMS )

] (B60)where
fZ31 = 1 + 0.3 max(0, Zt/0.02− 1) (B61)is a metalli
ity-
orre
tion fa
tor, Zt is the instantaneous metalli
ity and

fM55 =

{

(1 + 62−MZAMS

12
) 55 < MZAMS/M⊙ < 62

1 otherwise (B62)
reates a smooth transition in the 55 to 62 M⊙ mass range.The slope fa
tor s1 is given by

log10 s
(0)
1 =











−100 MZAMS < 25 M⊙ ,
max (−10,min(−aB63 + bB63MZAMS,−2)) 25 ≤ MZAMS

M⊙
< 38 ,

−
(

cB63 + dB63

MZAMS+eB63
+ fB63MZAMS + gB63M

2ZAMS) M ≥ 38 M⊙ .

(B63)The fa
tors ∆X2, dM2 and s2 are only required over a limited mass range de�ned by δ2and δ4
dX

(0)
2 = aB64 +

bB64

1 + cMZAMS−dB64
B64

, (B64)225
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Eq. (B57) Eq. (B58) Eq. (B59)

a 2.5977 2.8655× 10−1 2.6759× 10−2

b −3.053× 10−1 −1.1037× 10−1 3.5589× 10−3

c 1.1911× 10−2 8.8883× 10−3

d 1.4044× 10−5

e 1.6137× 102

f −2.3087
g 1.1335× 10−4Eq. (B60) Eq. (B63) Eq. (B64)

a 2.7291× 10−1 7.543× 101 0.32
b −6.4511× 10−3 2.0927 0.18
c 7.4506× 10−8 −2.9313× 101 0.3
d 0.74 2.7694× 102 −42.5
e 6.9329× 10−1 −2.7142× 101

f 2.062× 10−2 5.2789× 10−1

g −2.5971× 10−3Eq. (B65) Eq. (B66) Eq. (B67) Eq. (B76) Eq. (B77) Eq. (B82)
a 1.4174 × 10−1 −7.5216 × 101 −7.0918 × 10−1 6.357 × 10−1 9.4401 9.527 × 10−3

b 5.5388 × 10−1 1.3218 5.6122 × 10−2 30.479 514.99 −1.1142 × 10−4

c −1.25 × 101 109.61 −1.3925 × 101

d 3.5× 10−1 0.16Table B15: Massive hydrogen star �tting 
oe�
ients.
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2.6 Third Dredge-Up
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Figure 9: Left panel: Temperature at the base of the 
onve
tive envelope at the �rst ther-mal pulse from the Monash models at various metalli
ities. Right panel: Mmin
from the Monash models (K02) and the model of Marigo et al. (1999). The solidline shows the 
ore mass at the �rst thermal pulse in the Monash models.pres
ription (with log10 Tb
e = 6.4) for solar metalli
ity. Even allowing for 
alibration ofthe models by 
omparison to 
arbon star luminosity fun
tions the Monash models stillhave a slightly higher Mmin
 .The intershell abundan
es are a mixture of hydrogen-burned material whi
h is thenmixed into the intershell region and pro
essed through helium burning. The abundan
esin the intershell region X i are �tted to data taken from the �nal thermal pulse of theMonash models with 0.004 ≤ Z ≤ 0.02 (Karakas, private 
ommuni
ation). Coe�
ients aregiven in appendix B4.Apart from 4He, most of the intershell is 12C and the abundan
e is �tted to M and Z,

X iC12 = a43 + (b43 + c43Z)M + (d43 + e43Z)M2 +

(f43 + g43Z)M3 , (43)and further α 
apture leads to 16O

X iO16 = a44 + (b44 + c44Z)M + (d44 + e44Z)M2 +

(f44 + g44Z)M3 . (44)All CNO in the hydrogen shell is 
onverted to 14N in the hydrogen burning shell so

X iC13 = X iN13 = X iN15 = X iO15 = X iO17 = X iO18 = 0 . (45)33



2 Low- and Intermediate-Mass StarsSome 19F, 20Ne and 21Ne remain

X iF19 = (a46 + b46Z)× exp

(

−(M + c46 + d46Z)2

(e46 + f46Z)

)

, (46)

X iNe20 =

{

Z
0.02

(a47 + b47M) M < 2.2 M⊙
Z

0.02
(c47 + d47M + e47M

2) M ≥ 2.2 M⊙

(47)and

X iNe21 = χ21

(

0.02

Z

)0.4(

a48 + b48 exp

[

−(M + c48 + d48 log10 Z)2

e48

]) (48)where χ21 = Z/0.02 for M > 4 M⊙, χ21 = 1 otherwise.This is then 
onverted to 22Ne by double-α 
apture in the helium burning shell prior todredge-up. There is also some further pro
essing of 22Ne to 24Mg, 25Mg and 26Mg. The�ts are

X iNe22 =











a49Z + b49M
c49 + (d49 + e49Z)×

exp(
(

− (M+f49+g49Z)2

(h49+i49Z)

)

M < 4 M⊙

(j49 + k49M)× (1 + l49Z) M ≥ 4 M⊙

, (49)

X iNa23 = a50 + (b50 + c50Z)×M + (d50 + e50Z)×

exp

[

−(x+ f50 + g50Z)2

h50

]

, (50)

X iMg24 = a51 + b51 log10 Z + (c51 + d51 log10 Z)×
[

1− 1/(1 + eM+f51+g51Z
51 )

]

, (51)
X iMg25 = max(0, a52 + b52M + c52M

d52 + e52M log10 Z) , (52)
X iMg26 = a53 + b53M + c53 log10 Z ×Md53 , (53)

X iNa22 = X iAl26 = 0 , (54)
X iAl27 = a55 + b55 log10 Z +

c55
1 + 0.1M+d55+e55Z

. (55)Heavy s-pro
ess isotopes are �tted in se
tion 2.11 below. All other isotopes heavier than
27Al are set to their envelope abundan
es. The remaining material in the intershell isassumed to be 4He. The above �ts give typi
al intershell abundan
es, for a solar metalli
ity,
5 M⊙ model, of 74% 4He, 23% 12C, 0.5% 16O and 2% 22Ne.34

B7 Massive Hydrogen Stars
MZAMS ≤ 25M⊙ 25 < MZAMS/M⊙ ≤ 38 38 < MZAMS/M⊙ ≤ 55 MZAMS > 55M⊙

δ1 1 1 0 0

δ2 0 1 0 0

δ3 0 0 1 1

δ4 0 0 1 0Table B14: δ fa
tors for eq. (B54).B7 Massive Hydrogen StarsB7.1 Hydrogen Z = 0.02The surfa
e hydrogen abundan
e is given over the entire mass range by a set of Fermi-likefun
tions
XH1 = Xi,H1 − δ1 dX1

1 + s∆M−dM1
1

− δ2
dX2

1 + s∆M−dm2
2

−

δ3
dX1

1 + slog∆M−logdM1

1

− δ4
dX2

1 + slog∆M−logdM2

2

+ ∆XH1 (B54)where ∆M = MZAMS −M is the mass lost (also referred to as depth) by the star relativeto its main-sequen
e mass. The various Fermi fun
tions are a
tivated over 
ertain massranges by the fa
tors δ1...δ4 as given in table B14. The break depth for ea
h fun
tion isgiven by the dMi fa
tors, the slope fa
tors si determine the steepness of the break and the

dXi determine the magnitude of the drop relative to the MS abundan
e. ∆XH1 is de�nedbelow.First de�ne a Fermi fun
tion whi
h is 0 at low mass and 1 at high mass with the breakat around M = 75 M⊙

fM75 = F (Mi, 1, 1, 0.2, 75) (B55)where F is a Fermi-like fun
tion

F (x, a, b, c, d) = a

[

1− 1

b+ cd−x

] (B56)then
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Element A Fitted to isotope. . . (B) a112 b112Ce Ba 1.0839 −0.79546Dy Ba 1.0153 −1.4938Er Ba 0.98322 −1.7823Eu Ba 1.0558 −2.8742Gd Ba 1.043 −1.8747Hf Ba 0.95175 −1.3953Hg Ba 0.85404 −0.74736La Ba 1.0547 −1.2285Lu Ba 0.94413 −2.4119Nd Ba 1.0817 −1.0742Os Ba 0.99086 −1.6381Pr Ba 1.0858 −1.8215Re Ba 0.98727 −2.3456Sb Ba 0.92138 −1.6938Sm Ba 1.0591 −1.7621Sn Ba 0.89942 −0.18915Ta Ba 0.96036 −2.4097Te Ba 1.0389 −0.53706Tl Ba 0.87297 −1.1273Tm Ba 0.97431 −2.6813W Ba 0.97918 −1.5259Xe Ba 0.8605 −0.45371Yb Ba 0.95063 −1.1202Rb Kr 0.99092 −0.62874Bi Pb 0.92089 −1.68050Ag Y 0.93724 −1.8116Cd Y 0.92210 −0.60916In Y 0.91670 −1.7001Mo Y 0.94158 −0.42414Pd Y 0.94622 −0.76471Ru Y 0.95103 −0.89359Sr Y 0.99743 0.69429T
 Y 0.93201 −1.9894Zr Y 0.97750 0.41723Table B13: Coe�
ients for eq. (112).
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2.7 Hot-Bottom BurningThere is some debate on the exa
t 
omposition in the intershell region. The in
lusionof overshooting (Herwig, 2000) seems to in
rease the abundan
e of 12C and 16O at theexpense of 4He while other authors (Marigo et al., 2003) suggest little or no 12C and 16Oin the intershell. The Monash models do not obtain high values of intershell 16O su
h asthe 2% reported by Boothroyd & Sa
kmann (1988).Groenewegen & de Jong (1993) in
lude nu
lear burning of third dredge-up material (theireq. 35) as well as envelope burning (se
tion 2.7 below). The reason for this is that materialbrought up by third dredge-up is preferentially exposed to high temperatures at the baseof the 
onve
tive envelope. The Monash models do not show this phenomenon though, inthe low metalli
ity models, there is dredge-up of 13C and 14N that leads to a similar e�e
twhi
h 
annot possibly result from helium burning. These isotopes are enhan
ed in theenvelope by dredge-up of material previously in the hydrogen burning shell but not mixedinto the intershell 
onve
tive zone.To a

ount for this a fra
tion fDUP of ∆Mdredge is burnt for a fra
tion of the interpulseperiod fburn,DUP and at the temperature and density at the base of the envelope extrap-olated from eqs. 61 and 65. The hydrogen abundan
e of the material to be burned isset to the envelope hydrogen abundan
e even though it may be somewhat lower owing tointerpulse hydrogen shell burning. Be
ause fDUP and fburn,DUP are �tted to the full evo-lution models any problems are 
ir
umvented by the 
alibration. The burning algorithmis that used for HBB. The hydrogen-burned material is immediately mixed with both thehelium-burned intershell material and the whole 
onve
tive envelope to give the post thirddredge-up envelope abundan
es.Note that when normal HBB o

urs it is the dominant burning me
hanism. At metal-li
ity greater than 0.004 the 
hange of 13C and 14N in the envelope owing to the dredge-upof the H-burning-shell is negligible 
ompared to the abundan
e of 13C and 14N already inthe envelope. The model used here is only approximate and does not re�e
t the a
tualhydrogen burning pro
ess � improvement requires more low-Z detailed models.2.7 Hot-Bottom BurningIf the hydrogen envelope of an AGB star is su�
iently massive, the hydrogen burning shell
an extend into the 
onve
tive region, a pro
ess known as hot-bottom burning (HBB).HBB is dealt with in the syntheti
 
ode by burning a fra
tion of the 
onve
tive envelope

fHBB for a fra
tion of the interpulse period fburn at the temperature and density as �ttedbelow. The burned fra
tion is mixed with the rest of the 
onve
tive envelope at the endof the timestep. Any dependen
e of HBB on mixing length should be small be
ause theenvelope is assumed to be fully mixed.Between pulses the 
onve
tive envelope of an AGB star turns over many thousands oftimes. It is impossible to model this using little CPU time be
ause the burn → mix →burn→ mix . . . pro
ess is 
omputationally expensive. Given the un
ertainties involved in
onve
tive mixing and lo
al mixing at the base of the envelope, it is simpler and preferable35



2 Low- and Intermediate-Mass Starsto approximate the burning many times of a thin HBB layer at the base of the 
onve
tiveenvelope with a single burning of a larger portion of the envelope.This 
an be justi�ed by 
onsidering the size of the HBB region. For a 5M⊙star d log10(T/K)/dm at the base of the envelope is typi
ally 3× 103 M−1
⊙ . HBB 
eases at

log10(T/K) ≈ 7.6 and the temperature at the base of the envelope is log10(T/K) ≈ 8. So

∆MHBB ≈ 10−4 M⊙. This is mu
h smaller than the size of the 
onve
tive envelope (about

4M⊙ for a 5M⊙ star), so the HBB shell 
an be 
onsidered as thin.When the thin HBB shell is burned and then mixed into the envelope the abundan
es inthe envelope are essentially un
hanged. Only on
e a signi�
ant number of mixing events(of the orderMenv/∆MHBB) have o

urred will the envelope abundan
es 
hange noti
eably,so in this approximation a fra
tion of the envelope, fHBB, is burned for a fra
tion of theinterpulse period time fburn. Fits are then made for fHBB and fburn to the Monash models.In reality, some parts of the envelope burn more than on
e but this is absorbed into the
alibration of fHBB. The following argument justi�es this approximation. Figure 10 showsa s
hemati
 of the envelope of a hot bottom burning star. At time 0 the abundan
es inthe envelope are X0, after a 
onve
tive turnover time τ
 the abundan
es in the envelopeare 
onverted by radioa
tive de
ay to αX0 and the HBB layer to αβX0 where β is due toHBB alone3. The envelope then mixes and the pro
ess is repeated. After one mixing theenvelope abundan
es are given by

X1 =
αX0(Menv −MHBB) + αβMHBBX0

Menv (56)and after N
 pulses, where N
 = τip/τ
 is the number of 
onve
tive mixing events duringan interpulse period,

XN
 = X0

[

α +
MHBB

Menv (αβ −α)

]N


. (57)whi
h 
an be rewritten using a binomial expansion as

XN
 = X0α
N
 [1 + fHBB(β − 1)] = X0α

N
 [(1− fHBB) + fHBBβ] (58)where

fHBB = N
MHBB

Menv (59)under the assumption that the burning layer is thin (MHBB ≪ Menv) and that α and β donot vary signi�
antly during the interpulse phase. Radioa
tive de
ay is dealt with by theterm αN
 , the unburned material by (1− fHBB) and the multiple burnings of the thin shellby fHBBβ. The HBB shell mass fHBB and burn time fburn ne
essary to 
al
ulate β still haveto be 
alibrated to the full evolution models but as long as the shell is thin this is justi�ed.The radioa
tive de
ay term be
omes exp−N
τ
/τrad where τrad is the radioa
tive de
ay3Both α and β are matri
es be
ause they vary from isotope to isotope.36

B6 The S-pro
ess

Eq. (107) Eq. (108) Eq. (109) Eq. (110) Eq. (111)

a 2.298 −2.74 −7.914 −7.5 × 10−1 1.1705

b 1.9 173.0 4.157 × 10−2 2.3 × 10−1 0.4743

c 0.4 160.0 1.8933 −1.8762 × 10−2

d 3.0 4.937 −5.3736 × 10−1 6.7386 × 10−1

e 143.7 0.1 4.9012 × 10−3 3.3929 × 10−1

f 1.1212 × 10−3



0.5
√
Z Z < 10−3

1 otherwise 6.0426 2.37380 × 10−2

g 7.2913 × 10−2

8

<

:

1 + ξ ξ ≥ 1
1 0.1 ≤ ξ < 1
4ξ ξ < 0.1

9.5713 × 10−2 −2.2379 × 10−1

h 1.8796 10−5 0.39818

i −2.2871 × 10−2 0.75613

j 10−5 −2.0772

k −0.73418Table B12: Coe�
ients for the �ts to Y, Ba, Pb and Kr.
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B Analyti
 FitsB5 Radius Trun
ation at the AGB TipThe SSE algorithm provides a method for ensuring a smooth transition from the tip ofthe AGB to the WD tra
k in the HR diagram by trun
ation of the stellar radius. Thisis required be
ause as the stellar envelope is lost on the AGB the radius in
reases qui
klyand the star be
omes very red. However, when the envelope is small the star be
omes blueand eventually, when the envelope is lost, is a white dwarf. The following is a method tosimulate this behaviour. A parameter

µ =
Menv

M
min

(

5.0,max

[

1.2,

{

L

L0

}κ]) (B46)is de�ned where L0 = 7.0× 104 and κ = −0.5. Then if µ < 1.0 the luminosity and radiusare perturbed a

ording to

L′ = L
 ( L

L
)s (B47)and

R′ = R
( R

R
)r , (B48)where

s =
(1 + b3)(µ/b)3

1 + (µ/b)3
, (B49)and

r =
(1 + c3)(µ/c)3µ0.1/q

1 + (µ/c)3
, (B50)with

b = 0.002 max

(

1,
2.5

M

)

, (B51)
c = 0.006 max

(

1,
2.5

M

) (B52)and

q = ln

(

R

R
) . (B53)The values of L
 and R
 are the luminosity and radius in the absen
e of a stellar envelope.For AGB stars these are the luminosity and radius of a white dwarf, as de�ned by the SSEmodel. The stellar luminosity and radius are then given by L′ and R′.B6 The S-pro
essSee tables B12 and B13.
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2.7 Hot-Bottom Burning
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Figure 10: Syntheti
 
onve
tive mixing approximation: the region at the base of the enve-lope burns isotopes X to βX while radioa
tive de
ay in the envelope 
onvertsabundan
es X to αX.times
ale. From the de�nition of N
 this be
omes exp−τip/τrad so knowledge of N
 is notrequired. If α or β 
hanges rapidly with time (this o

urs when the nu
lear times
ale issimilar to the 
onve
tive times
ale) the situation is more 
omplex and a simple expression
annot be formulated. For this reason it is impossible to burn isotopes su
h as 7Li or 8Bewith this te
hnique.The temperature at the base of the 
onve
tive envelope Tb
e is the 
riti
al fa
tor whi
hgoverns the rate of hot-bottom burning. If the temperature is su�
iently high (Tb
e >
THBBmin ≈ 107.5 K) it is possible that hydrogen burning o

urs in the 
onve
tive envelopeof the star altering the surfa
e abundan
es. From the Monash models it is seen thatthe temperature rises qui
kly in these hot-bottom envelopes and then stays at a roughly
onstant value until the envelope mass be
omes small. In order to model the HBB a �t tothe temperature in the burning zone is needed.The base of the 
onve
tive envelope is de�ned as the innermost point in the envelopeat whi
h the S
hwarzs
hild 
ondition for stability is no longer satis�ed. The rise at thebeginning of the AGB and the fall owing to envelope mass redu
tion at the end of the AGBare extremely di�
ult to parameterize, so the maximum temperature over the lifetime ofthe star is �tted and modulated for the rise and fall. The logarithm of the temperature isthen given by 37



2 Low- and Intermediate-Mass Stars

log10(Tb
e/K) = log10(Tmax)fTrisefTdrop , (60)where Tmax, fTrise and fTdrop are de�ned below.The logarithm of the temperature maximum is �tted to

log10(Tmax/K) = min(6.0379 + a61Menv,0/M⊙ +B(ζ,M
,1TP), 7.95) , (61)where a61 is a 
onstant and

B(ζ,M
,1TP) = (a62ζ
2 + b62ζ + c62)× (1 + d62M
,1TP/M⊙ + e62(M
,1TP/M⊙)2) ,(62)where a62 . . . e62 are 
onstants. The maximum value of 7.95 was a limitation of the HBB
ode at the time it was 
alibrated4. Temperatures higher than this are only likely to been
ountered in the envelopes of the lowest metalli
ity and highest-mass stars for whi
hthere are few Monash models available for 
alibration.The rise in temperature during the �rst few thermal pulses is modelled by a fa
tor

fTrise = 1.0− exp

(

−NTP

Nrise) , (63)where NTP is the thermal pulse number and Nrise is a rather arbitrary 
onstant, of theorder of 1 for Mi ≈ 6M⊙, a few for Mi ≈ 5M⊙, about 20 for Mi ≈ 4M⊙ and possiblyin�nite for Mi < 3.5M⊙. No HBB o

urs in the latter stars, at least for Z ≥ 0.004, andthe Tmax < THBB,min 
ondition also prevents HBB.The drop in temperature owing to the de
rease in envelope mass is taken 
are of by

fTdrop =

(

Menv

Menv,1TP)β64

, (64)where β64 is another free parameter whi
h is quite un
ertain, espe
ially for the high-massstars, for whi
h there is no data when Menv . 1.0M⊙. Fortunately Menv falls qui
klyduring the superwind phase near the end of the AGB so the un
ertainty does not mattertoo mu
h. A 
onstant value β64 = 0.02 is used and this works well for most stars.The density ρ at the base of the 
onve
tive envelope is not as important for nu
leosynthe-sis as the temperature but a reasonable value is required. The logarithm of the maximumdensity over the star's TPAGB evolution as a fun
tion of M0 and Z is �tted by
log10 ρmax = a65 + b65(M


651TP/M⊙) + d65ζ . (65)This fun
tion is modulated by fTrise and Menv/Menv,0 to give4Above this temperature the burning algorithm be
ame unstable, e.g. see �gure C8 with fT = 1.02,possibly due to the roots of the quadrati
 eigenvalue equation being 
omplex. The problem is notrepeatable with the latest version of the 
ode although it is not known why.38

B4 Intershell Abundan
esEq. (43) (44) (46) (47) (48)Isotope 12C 16O 19F 20Ne 21Ne
a 4.7318 × 10−1 2.4845 × 10−2 9.6488 × 10−5 1.8208 × 10−3 7.3832 × 10−5

b −2.3708 × 10−1 −2.1839 × 10−2 −1.5286 × 10−3 −5.0381 × 10−5 −7.1809 × 10−5

c 5.1112 5.5602 × 10−1 −2.498 8.5105 × 10−4 −1.7287

d 6.0359 × 10−2 6.0325 × 10−3 −3.774 × 10−1 4.8022 × 10 0.01

e −2.0683 −2.3757 × 10−1 1.1418 × 10−1 −4.413 × 10−5 1.0173 × 101

f −4.0986 × 10−3 −4.7830 × 10−4 5.74 × 101

g 1.8593 × 10−1 2.3482 × 10−2Table B10: Coe�
ients for the �t to intershell 12C, 16O, 19F, 20Ne and 21Ne.Eq. (49) (50) (51) (52) (53) (55)Isotope 22Ne 23Na 24Mg 25Mg 26Mg 27Al

a 1.0003 3.4002 × 10−4 2.6581 × 10−4 1.6325 × 10−1 4.0583 × 10−4 1.7768 × 10−4

b −1.2107 × 10−8 −6.8279 × 10−5 8.6264 × 10−5 1.6882 × 10−3 −1.0221 × 10−3 5.5616 × 10−5

c 6.8356 2.7554 × 10−3 1.099 × 10−3 −1.658 × 10−1 −2.1225 × 10−4 1.6534 × 10−4

d 3.477 × 10−2 9.0052 × 10−4 3.696 × 10−4 1.8538 × 10−2 1.9959 −3.5782

e −1.1586 −1.5735 × 10−2 8.1325 × 10−3 −3.7719 × 10−4 −6.3068 × 101

f −2.5370 −3.1204 −3.1909

g −4.0209 × 101 6.7662 −3.78 × 101

h 5.2392 × 10−1 3.0857 × 10−1

i −8.5182

j 1.3321 × 10−2

k −1.4586 × 10−3

l 1.0693 × 102Table B11: Coe�
ients for the �t to intershell 22Ne, 23Na, 24Mg, 25Mg, 26Mg and 27Al.B4 Intershell Abundan
esTables B10 and B11 give the 
oe�
ients to the intershell abundan
e �ts.
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a 2.7536 e 2.1213
b 6.3895 f 1.4655× 102

c 2.416 g 5.4606
d 1.1732 h 2.2534Table B8: Coe�
ients for eq. (42), the �t for Nr.

Eqs. (61) and (62) Eq. (65)

a61 4.44290× 10−2 a65 3.05860
a62 −2.27390× 10−2 b65 9.51050
b62 −8.28510× 10−2 c65 −7.20180× 10−1

c62 1.67930 d65 −3.65330
d62 −1.161390× 10−1

e62 1.63740× 10−1Table B9: HBB temperature and density �t 
oe�
ients.
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2.8 Rapid CNO burning
ρ = ρmaxfTrise Menv

Menv,1TP . (66)This is a reasonable �t for M1TP > 3M⊙ and models with M1TP < 3M⊙ do not experien
eHBB.The free parameters,

• fHBB - the fra
tion of the star's envelope that is burned in the HBB shell,
• fburn - the fra
tion of the interpulse period for whi
h the HBB shell burns,

• fDUP - the fra
tion of the dredged-up material whi
h is burned before being mixedinto the envelope,
• fDUP,burn - the fra
tion of the interpulse period for whi
h the dredged-up material isburned and
• Nrise - the fa
tor used to de�ne how qui
kly the HBB temperature rea
hes Tmaxare 
alibrated to the surfa
e abundan
e vs time pro�les of Monash models for 12C, 13C, 14Nand 16O. Appendix C 
ontains details of the 
alibration method, �ts to the free parametersand a brief sensitivity study.2.8 Rapid CNO burningThe CNO elements are burned a

ording to Clayton's CNO bi-
y
le (Clayton, 1983). He
laims this is a

urate to 1% for the temperature range 
onsidered (log10 T/K < 8) and thiswas 
on�rmed by Groenewegen & de Jong (1993) who used a similar approa
h. This te
h-nique is mu
h faster than solving the di�erential equations of a 
omplete nu
lear rea
tionnetwork.The CNO 
y
le 
an be simpli�ed from the full set of di�erential equations (see table 7 )if 13N, 15N, 15O and 17F are in equilibrium. The 
y
le then splits into two at 15N(p, γ)16O,the CN 
y
le and the ON 
y
le, with bran
hing ratios αCN = 1 − αON and αON ≃ 7 ×

10−4 respe
tively (Angulo et al., 1999). The small value of αON re�e
ts the fa
t that thetimes
ales in the ON 
y
le are many thousands of times those required to bring the CN
y
le into equilibrium so the 
y
les 
an be treated separately.The CN 
y
le equations, with αCN = 1, be
ome

d

dt





12C

13C

14N 

 =





−1/τ12 0 1/τ14
1/τ12 −1/τ13 0

0 1/τ13 −1/τ14









12C

13C

14N 

 (67)whi
h is of the form d
dt
U = ΛU. Eigenvalues λi are given by ΛU = λiU and U is a linear
ombination of the eigenve
tors Ui, so 39



2 Low- and Intermediate-Mass Stars

i Rea
tion τ/s Cy
le12 12C +1H→13N + γ NACRE CN

13β 13N→13C + e+ + ν 597.54 Equilibrium13 13C +1H→14N + γ NACRE CN14 14N +1H→15O + γ NACRE CN/ON15 15N +1H→12C + α NACRE Equilibrium

15N +1H→16 O + γ NACRE CN/ON bran
h

15β 15O→15N + e+ + ν 122.2 Equilibrium16 16O +1H→17F + γ NACRE ON

17β 17F→17O + e+ + ν 64.78 Equilibrium17 17O +1H→14N +4He NACRE ON

17γ 17O +1H→18F + γ NACRE ON

18β 18F→18O + e+ + ν 0 Equilibrium

18α 18O +1H→15N +4He NACRE EquilibriumTable 7: Rea
tions used in the rapid CNO bi-
y
le. The 
olumns show the rea
tion numberused in the text i, the 
orresponding nu
lear rea
tion, the rea
tion times
ale(NACRE indi
ates use of the analyti
 �t to the 
ross se
tion from Angulo et al.,1999, beta-de
ay times
ales are from Tuli, 2000) and syntheti
 
y
le used.

U(t) = Aeλ1tU1 +Beλ2tU2 + Ceλ3tU3 . (68)The times
ales τi for the proton-
apture rea
tions are de�ned by

τi = (〈σv〉iNH1)−1 (69)where 〈σv〉i is the velo
ity averaged 
ross se
tion for the appropriate rea
tion i . The rateof 
hange of ea
h isotope (eq. 67) is proportional to the 
ross se
tion, the hydrogen densityand the isotope density.The method of solution for eq. (67) is found in Clayton (1983). The timestep δt issubstituted for t in eq. (68) to 
al
ulate the abundan
es at the end of the 
urrent timestep.The ON 
y
le equations are identi
al to the CN 
y
le, with 12C, 13C and 14N repla
ed by
14N, 16O and 17O and with appropriate τi (see Clayton, 1983 and table 7). The amount of
17O 
onverted to 18O (via 18F) is too small to a�e
t the surfa
e abundan
e of 17O and theasso
iated ON 
y
le so is ignored. Similarly, be
ause the 18O abundan
e is always smallfeedba
k into the CN 
y
le via 15N is also ignored. The minor spe
ies 13N, 15N, 15O, 18Oand 17F are then assumed to be in equilibrium su
h that

NN13 = NC12 τβ13

τ12
, (70)

NN15 = τ15

(

NO15
τβ15

+
NO18
τ18

)

, (71)40

B3 The TPAGB, Third Dredge-Up and HBB
Z = 0.02 Z = 0.008 Z = 0.004

M1TP a b c

0.5 −0.2035 0.76686 −0.04375

1.0 −0.5329 0.8262 −0.1155

1.5 −0.6605 0.8373 −0.1719

2.0 −0.5865 0.7955 −0.20114

2.5 −0.6829 0.8113 −0.3111

3.0 −0.7794 0.8270 −0.4211

3.5 −0.8999 0.8471 −0.3653

4.0 −1.0203 0.8672 −0.3095

4.5 −0.9528 0.8435 −0.3492

5.0 −0.8853 0.8198 −0.3889

5.5 −0.7029 0.7701 −0.3836

6.0 −0.5205 0.7204 −0.3784

6.5 −0.2955 0.6692 −0.3451

7.0 −0.0705 0.6180 −0.3117

7.5 0.1545 0.5668 −0.2784

8.0 0.3796 0.5156 −0.2451

8.5 0.6046 0.4644 −0.2117

M1TP a b c

0.5 −0.2911 0.7483 0.0909

1.0 −0.5538 0.80213 −0.0107

1.5 −0.8166 0.8559 −0.1124

2.0 −1.054 0.9037 −0.2091

2.5 −1.192 0.9273 −0.2860

3.0 −1.232 0.9251 −0.3206

3.5 −1.273 0.9229 −0.3552

4.0 −1.314 0.9207 −0.3898

4.5 −0.8763 0.8095 −0.3542

5.0 −0.4391 0.6983 −0.3188

5.5 −0.4893 0.7043 −0.33†

6.0 −0.5395 0.7102 −0.33†

6.5 −0.5896 0.7162 −0.33†

7.0 −0.6397 0.7222 −0.33†

7.5 −0.6899 0.7282 −0.33†

8.0 −0.7400 0.7341 −0.33†

8.5 −0.7902 0.7401 −0.33†

M1TP a b c

0.5 −0.2134 0.6987 0.2606

1.0 −0.4634 0.7568 0.0379

1.5 −0.7134 0.8150 −0.1838

2.0 −0.9633 0.8731 −0.4075

2.5 −1.179 0.9140 −0.3109

3.0 −1.426 0.9610 −0.2966

3.5 −1.247 0.9060 −0.2734

4.0 −1.068 0.8509 −0.2502

4.5 −0.7239 0.7619 −0.2970

5.0 −0.3803 0.6729 −0.3439

5.5 −0.4450 0.6829 −0.33†

6.0 −0.5096 0.6929 −0.33†

6.5 −0.5743 0.7028 −0.33†

7.0 −0.6389 0.7128 −0.33†

7.5 −0.7036 0.7228 −0.33†

8.0 −0.7682 0.7328 −0.33†

8.5 −0.8329 0.7428 −0.33†Table B5: TPAGB Radius 
oe�
ients (eq. 29). For masses outside the range of the Monashmodels the values are extrapolated. Values marked with † are put in manu-ally be
ause the Monash models break down before the envelope be
omes smallenough to �t them.
Mmin
 Z = 0.02 Z = 0.008 Z = 0.004
a 0.732759 0.672660 0.516045
b −0.0202898 0.0657372 0.2411016
c −0.0385818 −0.1080931 −0.1938891
d 0.0115593 0.0274832 0.0446382Table B6: Coe�
ients for the �t to Mmin
 , taken from Karakas et al. (2002).

λmax Z = 0.02 Z = 0.008 Z = 0.004
a −0.764199 −0.609465 −1.17696
b 0.70859 0.55430 0.76262
c 0.0058833 0.056787 0.026028
d 0.075921 0.069227 0.041019Table B7: Coe�
ients for the �t to λmax, taken from Karakas et al. (2002). 217
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 FitsEq. (17) Z = 0.02 Z = 0.008 Z = 0.004 Z = 0.0001
a17 0.038515 0.057689 0.40538 0.40538
b17 1.41379 1.42199 1.54656 1.54656
c17 0.555145 0.548143 0.55076 0.55076
d17 0.039781 0.045534 0.054539 0.054539
e17 0.675144 0.652767 0.625886 0.625886
g17 3.18432 2.90693 2.78478 2.0†

h17 0.368777 0.287441 0.227620 0.227620Table B3: Coe�
ients for the 
ore mass at the �rst thermal pulse. The † indi
ates thevalue is not from the K02 �t but was introdu
ed to �t the few Z = 0.0001 starsavailable.Eq. (22) Z = 0.02 Z = 0.008 Z = 0.004 Z = 0.0001
a22 -3.821 -4.189 -4.255 -4.5

b22 1.8926 1.8187 1.8141 1.79

c22 = −2.080− 0.353Z + 0.200(Menv/M⊙ + α− 1.5)
d22 = −0.626− 70.30(M
,1TP/M⊙ − ζ)(∆M
/M⊙)Table B4: Interpulse period 
oe�
ients.B3 The TPAGB, Third Dredge-Up and HBBThe 
oe�
ients for eq. (17) are interpolated from table B3 (taken from Karakas et al.,2002). The 
oe�
ients for the �t to interpulse period (eq. 22) are shown in table B4. The
oe�
ients for the �t to the TPAGB radius (eq. 29) are in table B5. The 
oe�
ients forthe minimum mass for dredge-up Mmin
 (eq. 37) are in table B6. The 
oe�
ients for the �tto λmax (eq. 40) are in table B7. The 
oe�
ients for eq. (42) are in table B8. Coe�
ientsfor the �t to HBB temperature (eqs. 61 and 62) and density (eq. 65) are in table B9.
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2.9 Rapid NeNa and 19F burning
NO15 = NN14 τβ15

τ14
, (72)

NF17 = NO17 τβ17

τ16

(73)and

NO18 =
NO17
τ17γ

(

1

τO18α +
1

τO18γ)−1

. (74)For short burning times (δt < τ12) only the CN part of the 
y
le is ne
essary. For longertimes, the CN 
y
le is burned to equilibrium before the ON 
y
le is a
tivated. Even in themost massive AGB stars undergoing vigorous HBB, XO16 does not 
hange mu
h so the ON
y
le never approa
hes equilibrium. Nu
lear rea
tion rates are taken from the formulae inthe NACRE 
ompilation (Angulo et al., 1999) ex
ept the beta de
ay 
onstants whi
h aretaken from 
ompilation of Tuli (2000). The rates 
ompare well to table 5.3 (page 393) ofClayton (1983).Figures 11 to 18 show the syntheti
 models 
ompared to the Monash models for starswhi
h experien
e HBB (M ≥ 3.5 M⊙) for 1H, 4He, CNO and 17F. The agreement isex
ellent for the major elements and the qualitative behaviour is 
orre
t for the others. In
ases where the syntheti
 and Monash models di�er the mass of the star 
an be varied alittle to obtain a better mat
h so the e�e
t on the yield from an integrated population ofstars owing to these minor deviations is small.2.9 Rapid NeNa and 19F burningThe NeNa 
y
le is given by
21Ne (p,γ)−−→ 22Na

(β+) ↑ ↓ (β+)
21Na 22Ne

(p, γ) ↑ ↓ (p, γ)
19F (p,γ)−−→ 20Ne (p,α)←−− 23Na (p,γ)−−→ MgAlwhere the times
ales for the rea
tions (eq. 69) are shown in �gure 19. The 
ross se
tionsare taken from the NACRE 
ompilation and the previously �tted Tb
e and ρb
e are used.As it stands, this is a 
ompli
ated problem. However, entry via 19F 
an be dealt withexpli
itly and exit via 24Mg 
an be negle
ted be
ause MgAl 
y
ling is of greater importan
e(see se
tion 2.10). The beta de
ays have lifetimes of 32 s for 21Na, so this is assumed tode
ay instantly, and 3.74 yr for 22Na whi
h is assumed to be in equilibrium. The remainderof the 
y
le is

21Ne (p,γ)−−→ 22Ne

(p, γ) ↑ ↓ (p, γ)
20Ne (p,α)←−− 23Na 41



2 Low- and Intermediate-Mass Stars

-0.218

-0.216

-0.214

-0.212

-0.21

-0.208

-0.206

-0.204

 0  0.5  1  1.5  2  2.5  3

lo
g 1

0(
X

H
1)

Z=0.02
M=6.00 M�

-0.215
-0.21

-0.205
-0.2

-0.195
-0.19

-0.185
-0.18

-0.175

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5

Z=0.008
M=6.00 M�

-0.23

-0.22

-0.21

-0.2

-0.19

-0.18

-0.17

 0  1  2  3  4  5  6

Z=0.004
M=6.00 M�

-0.446

-0.444

-0.442

-0.44

-0.438

-0.436

-0.434

-0.432

 0  0.5  1  1.5  2  2.5  3

lo
g 1

0(
X

H
e4

)

-0.485
-0.48

-0.475
-0.47

-0.465
-0.46

-0.455
-0.45

-0.445

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5
-0.48

-0.475
-0.47

-0.465
-0.46

-0.455
-0.45

-0.445
-0.44

-0.435
-0.43

 0  1  2  3  4  5  6

-3.6

-3.4

-3.2

-3

-2.8

-2.6

-2.4

-2.2

 0  0.5  1  1.5  2  2.5  3

lo
g 1

0(
X

C
12

)

-4.2
-4

-3.8
-3.6
-3.4
-3.2

-3
-2.8
-2.6
-2.4
-2.2

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5
-4.5

-4

-3.5

-3

-2.5

-2

 0  1  2  3  4  5  6

-4.2
-4.1

-4
-3.9
-3.8
-3.7
-3.6
-3.5
-3.4

 0  0.5  1  1.5  2  2.5  3

lo
g 1

0(
X

C
13

)

-4.8
-4.6
-4.4
-4.2

-4
-3.8
-3.6
-3.4
-3.2

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5
-5.2

-5
-4.8
-4.6
-4.4
-4.2

-4
-3.8
-3.6
-3.4
-3.2

-3

 0  1  2  3  4  5  6

-2.5
-2.45
-2.4

-2.35
-2.3

-2.25
-2.2

-2.15
-2.1

-2.05

 0  0.5  1  1.5  2  2.5  3

lo
g 1

0(
X

N
14

)

-3.2
-3

-2.8
-2.6
-2.4
-2.2

-2
-1.8
-1.6

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5
-3.4
-3.2

-3
-2.8
-2.6
-2.4
-2.2

-2
-1.8
-1.6
-1.4

 0  1  2  3  4  5  6Figure 11: 1H, 4He, 12C, 13C and 14N vs time (in units of 105 years) for the syntheti
models (red) and the Monash models (green) with M = 6 M⊙.42

B2 Se
ond Dredge Up

Eq. (B22) Eq. (B31) Eq. (B32) Eq. (B33)
a 1.2682× 10−1 1.8626× 10−9 −7.4506× 10−9 3.58090× 10−6

b −3.6696× 10−2 −1.6582× 10−5 3.7933× 10−6 −6.09360× 10−6

c −2.1922× 101 7.2624× 10−4 2.4538 3.0817× 10−6

d −2.4443 −3.2682× 10−4 −6.25850× 10−7

e −6.8824× 101 2.055 4.09780× 10−8

g −3.4425× 10−1 2.77350× 102

f 1.2338× 102 −1.07480× 104

g −4.436× 10−5 7.41730× 104

h 2.5626Eq. (B35) Eq. (B36) Eq. (B37)

a 4.191× 10−8 −8.475× 10−8 −2.32830× 10−8

b 6.7055× 10−8 −1.4843× 10−4 1.673× 10−4

c 2.8874 4.4544× 10−3 −5.0904× 10−3

d 3.295× 10−6 −1.2662 −1.2364
e −1.6914 2.8752× 10−1 2.8173× 10−1

g 2.4136× 10−2Eq. (B38) Eq. (B39) Eq. (B43) Eq. (B44)

a 2.3283× 10−8 1.4994× 10−7 −4.4983× 10−7 3.7532× 10−7

b 4.048× 10−1 −1.4435× 10−7 2.1979× 10−7 −2.4214× 10−7

c 3.1665× 10−8 −2.6077× 10−8 3.3528× 10−8

d −1.1753× 102 3.2299× 102 5.5655× 101

e 3.6373× 103 −3.5382× 103 2.4978× 103Table B2: Se
ond dredge up �tting 
oe�
ients.
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X ′Ne20 = XNe20 + (aB31 + bB31Z + cB31Z
2) exp

(

−(M + dB31 + eB31Z)2

fB31 + gB31Z

)

+

hB31(MZ)iB31 (B31)

X ′Ne21 = XNe21 + (aB32 + bB32Z)M cB32 + dB32(MZ)eB32 , (B32)

X ′Ne22 = XNe22 + (aB33 + bB33M + cB33M
2 + dB33M

3 + eB33M
4)×

(1 + gB33Z + hB33Z
2 + iB33Z

3) , (B33)

X ′Na22 = 0 , (B34)

X ′Na23 = XNa23 + aB35 + bB35M
cB35 + dB35 exp

(

−(M + eB35)
2

fB35

)

, (B35)

X ′Mg25 = XMg25 + (aB36 + bB36Z + cB36Z
2)× (1 + dB36M + eB36M

2) , (B36)

X ′Mg26 = XMg26 + (aB37 + bB37Z + cB37Z
2)× (1 + dB37M + eB37M

2) , (B37)

X ′Al26 = XAl26 + max
[

(aB38 + bB38ζ)(M − 3.5)3 , 10−8 + 10−9(M − 4)
]

, (B38)

X ′Al27 = XAl27 + (aB39 + bB39M + cB39M
2)× (1 + dB39Z + eB39Z

2) , (B39)

X ′P31 = XP31 + 1.0524× 10−7 , (B40)

X ′S34 = XS34 + 9.78× 10−8 , (B41)

X ′S35 = XS35 + 1.02× 10−7 , (B42)
X ′Fe56 = XFe56 + (aB43 + bB43M + cB43M

2)× (1 + dB43Z + eB43Z
2) , (B43)

X ′Fe57 = XFe57 + (aB44 + bB44M + cB44M
2)× (1 + dB44Z + eB44Z

2) (B44)and

X ′Fe58 = XFe58 + 1.1828× 10−7 . (B45)
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 0  1  2  3  4  5  6  7  8Figure 13: 1H, 4He, 12C, 13C and 14N vs time (in units of 105 years) for the syntheti
models (red) and the Monash models (green) with M = 5 M⊙.44

B2 Se
ond Dredge UpB2 Se
ond Dredge UpSe
ond dredge-up o

urs in su�
iently massive stars (M
,bagb ≥ 0.8 M⊙ where M
,bagb isthe 
ore mass of the star at the start of the (E)AGB) at the end of the EAGB when twinshell burning begins. Following Renzini & Voli (1981) and Groenewegen & de Jong (1993),with alterations to better �t the Monash models, the fra
tion of the envelope whi
h ishydrogen ri
h is de�ned as

a =
M −M
,bagb
M −MA
 (B18)while the fra
tion whi
h is hydrogen-burned is

b=M
,bagb −MA

M −MA
 , (B19)whereMA
 is the 
ore mass just after se
ond dredge-up, whi
h is assumed to be equal to the
ore mass at the �rst thermal pulse M1TP
 . Then the abundan
es after se
ond dredge-up

X ′
i are given by

X ′H1 = XH1 + ∆XH1 , (B20)and
X ′He4 = XHe4 −∆XH1 (B21)where

∆XH1 = min [0, (aB22 + bB22M)× (1 + cB22Z)] , (B22)

X ′C12 = aXC12 , (B23)

X ′C13 = aXC13 , (B24)

X ′N14 = aXN14 + 14b×
(

XC12

12
+
XC13

13
+
XN14

14
+

XN15

15
+
XO16

16
+
XO17

17
+
XO18

18
+
XF17

17

)

, (B25)

X ′N15 = aXN15 , (B26)

X ′O16 = aXO16 , (B27)

X ′O17 = aXO17 , (B28)

X ′O18 = aXO18 , (B29)

X ′F17 = aXF17 , (B30)213



B Analyti
 Fits
Eq. (B1) Eq. (B2) Eq. (B6) Eq. (B7) Eq. (B8)

a 2.6415× 102 1.0833 −5.831× 10−6 4.6566× 10−9 −1.5238× 10−2

b 1.4576× 10−3 2.0833 8.2329× 10−7 −9.8197× 10−5 0.005
c −6.5206× 10−1 2.5644× 10−3 9.6658× 10−1 −2.647
d 5.9183× 10−1 −1.1772× 10−6 −5.4293× 10−1 −4.5367× 101

e −3.1617× 10−2 1.4908× 10−3 −2.694 4.2393× 10−2

f 6.7782× 10−1 1.2685× 10−1 8.5491× 101

g 8.5768 −3.2798× 10−1

h 3.1829Eq. (B9) Eq. (B10) Eq. (B11) Eq. (B12) Eq. (B13)

a 4.3423× 10−3 2.2212× 10−6 −1.5839× 10−5 1.7876× 10−5 −1.2129× 10−3

b −4.7218× 10−7 −2.24360× 10−6 6.111× 10−4 −6.794× 10−4 3.4988× 10−2

c 2.33× 10−3 5.0478× 10−7 −2.6312 −2.6323 −2.6083
d −1.7198 −3.6322× 10−8 −4.6861× 101 −4.6303× 101 −3.1764× 101

e −1.4425× 101 5.35030× 101 −3.5043× 10−3 4.0193× 10−3 1.0164
f −1.3455 9.78910× 103 5.9749× 101 5.9438× 101 4.0828× 101

g −5.0424× 10−5 6.4432× 10−5 −6.7756× 10−4

h 2.6416 2.7127 1.7639Eq. (B14) Eq. (B15) Eq. (B16) Eq. (B17)

a 1.267× 10−3 −3.6335× 10−3 −5.1875× 10−7 −4.0811× 10−4

b −3.4988× 10−2 2.9927 2.7474× 10−7 2.87570× 10−4

c −2.6083 1.9803 −2.6118× 10−4

d −3.1781× 101 2.7008× 10−8 5.7827× 10−5

e 1.0167 −4.9247× 10−5 −3.9861× 10−6

f 4.0854× 101 −2.5146 −5.6886× 101

g 7.0726× 10−4 −1.1626× 104 6.60510× 103

h 1.7635 2.5723× 10−1 −2.05390× 105Table B1: 1st dredge up �tting 
oe�
ients.
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B1 First Dredge Up
X ′Mg26 = XMg26 +

Z

0.02
(aB16 + bB16M) (B16)and some pp 
hain burning gives

X ′He3 = (aB17 + bB17M + cB17M
2 + dB17M

3 + eB17M
4)× (B17)

(1 + fB18M + gB18M
2 + hB18M

3) .All other isotopes do not 
hange at �rst dredge-up.
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B Analyti
 Fitsif M < 1.0833 + 20.833Z

X ′O16 = XO16 + aB8 min(bB8, Z) exp

[

−M + cB8 + dB8Z

eB8 + fB8Z

]

+

gB8(MZ)hB8 (B8)otherwise there is no 
hange in 16O,

X ′O17 = XO17+ (aB9Z + bB9ξ)
MfB9

1 + cM−dB9+eB9Z
B9

(B9)

X ′O18 = XO18 + (aB10 + bB10M + cB10M
2 + dB10M

3)×
(1 + eB10M + fB10M

2) . (B10)Some NeNa and MgAl 
y
ling leads to abundan
e 
hanges

X ′Ne20 = XNe20 + Z(aB11 + bB11Z) exp

[

−(M + cB11 + dB11Z)2

eB11 + fB11Z

]

+

gB11(MZ)hB11 , (B11)

X ′Ne21 = XNe21+ Z(aB12 + bB12Z) exp

[

−(M + cB12 + dB12Z)2

eB12 + fB12Z

]

+

gB12(MZ)hB12 , (B12)
X ′Ne22 = XNe22 + min(0, Z(aB13 + bB13Z) exp

[

−(M + cB13 + dB13Z)2

eB13 + fB13Z

]

+

gB13(MZ)hB13 , (B13)
X ′Na23 = XNa23+ min(0, Z(aB14 + bB14Z) exp

[

−(M + cB14 + dB14Z)2

eB14 + fB14Z

]

+

gB14(MZ)hB14 , (B14)
X ′Mg25 = XMg25 + aB15Z

bB15M cB15 +

(dB15 + eB15Z) exp

[

−M + fB15 + gB15Z
2

hB15

]

, (B15)210

2.9 Rapid NeNa and 19F burning
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B Analyti
 FitsB1 First Dredge UpStars whi
h undergo �rst dredge-up during their �rst as
ent of the giant bran
h have theirabundan
es modi�ed by
∆X = aB1 + (bB1 + cB1Z) exp

[

−(M − 2)2

dB1

]

+

(eB1 + fB1Z) exp

[

−(M − 5)2

gB1

] (B1)Then X ′H1 = XH1 − ∆X and X ′He4 = XHe4 + ∆X (i.e. ∆XHe4 = −∆XH1). The CNOabundan
es are 
hanged by
g =

(

M

aB2 + bB2Z

)

XC12 ×min(0.36, 0.21 + 0.05M/M⊙) (B2)if M/M⊙ < 1.0833 + 20.833Z, otherwise

g = XC12 ×min(0.36, 0.21 + 0.05M/M⊙) (B3)su
h that
X ′C12 = XC12 − g , (B4)and
X ′N14 = XN14 +

7

6
g . (B5)Also

X ′C13 = XC13 + aB6 + bB6MB6 + cB6Z +

(dB6 + eB6Z) exp

[

−(M − 1.67)2

fB6

]

, (B6)

X ′N15 = XN15+ (aB7 + bB7Z
cB7)× (1 + dB7M

eB7) , (B7)209
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Figure 19: The times
ales for the various NeNa rea
tions as a fun
tion of temperature.and the di�erential equations be
ome

d20Ne

dt
= −

20Ne

τ20
+

23Na

τ23
, (75)

d21Ne

dt
=

20Ne

τ20
−

21Ne

τ21
, (76)

d22Ne

dt
=

21Ne

τ21
−

22Na

τ22

(77)and

d23Na

dt
=

22Ne

τ22
−

23Na

τ23

(78)where the isotopes represent the number densities. These equations 
an be written inmatrix form as

d

dt









20Ne21Ne22Ne23Na  =









− 1
τ20

0 0 1
τ23

1
τ20

1
−τ21 0 0

0 1
τ21

− 1
τ22

0

0 0 1
τ22

− 1
τ23

















20Ne21Ne22Ne23Na  =
d

dt
U = [Λ]U . (79)This is an eigenvalue problem with solutions of the form

U(t) = A0e
λ0tU0 +

∑

i=1,2,3

Aie
λitUi50

A3 The Portinari et al. (1998) MethodThe 
ontribution to the yields from the CO 
ore is then
ECO
C = EC − Eext

C (A44)and

ECO
O = EO −Eext

O . (A45)
• 15N is destroyed by the CNO 
y
le but 
an be produ
ed by neutrino 
apture duringthe explosion. The envelope is treated as a CNO-
y
led region and a region whi
hhas not experien
ed hydrogen burning of mass

Menv =
EH
X0

. (A46)The total 15N eje
ta is the made up of that from the unburned envelope and that
reated from neutrino 
apture whi
h is assumed to s
ale with oxygen fra
tion in theCO 
ore
ECO
N15 = (EN15 −MenvX

0
N15)

ECO
O

EO
. (A47)

• No 17O or 18O survive helium burning, so ECO
O17 = ECO

O18 = 0.

• The α-
apture isotopes 20Ne, 24Mg, 28Si, 32S and 40Ca are produ
ed during heliumand 
arbon burning. Outside the CO 
ore their abundan
e is the initial abundan
eand it is a simple matter to remove the hydrogen- and helium-ri
h envelopes:

ECO
Ne = ENe − (M −MCO)X0

Ne (A48)et
.
• 56Fe is produ
ed during sili
on burning and also results from the de
ay of 56Ni:

ECO
Fe = EFe − (M −MCO)X0

Fe + ENi . (A49)

• Other isotopes are 
orre
ted in an identi
al way to the α-
apture isotopes, the enve-lope is just removed from the eje
ta.The WW95 �ts given below are to the mass fra
tion of an isotope in the eje
ta, i.e.

ECO/MCO, to allow various pres
riptions for the remnant mass. This is in
orre
t be
ausethe �tted eje
ta are stri
tly only true for the WW95 
ore/remnant masses, but is the bestthat 
an be done presently.
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M total mass of the WW95 model

MCO mass of the CO-
ore of the model

Z metalli
ity of the model

Ei total eje
ted amount of spe
ies i, taken from WW95 tables

Enew
i newly synthesized and eje
ted amount of spe
ies i
XO
i initial abundan
e of spe
ies i in the model

Eext
i amount of spe
ies i 
ontained in the layers external to MCO

ECO
i amount of spe
ies i eje
ted by the CO 
ore

Menv mass of the region una�e
ted by CNO burning (approximately the mass of the envelope)FirstlyMCO is derived. It is assumed that all expelled hydrogen and helium originates inthe envelope and that the metalli
ity of the envelope is the same as the initial metalli
ity.Then

M −MCO = EH + EHe + Z(M −MCO) (A38)whi
h gives

MCO = M − EH + EHe
1− Z . (A39)The origin of ea
h isotope is then 
onsidered.

• 14N and 13C 
an only exist in the envelope be
ause they are destroyed by heliumburning and are not produ
ed during the explosion. Thus ECO
C13 = ECO

N14 = 0.

• 12C and 16O are 
onverted by CNO 
y
ling to 13C and 14N. The amount of 13C and

14N formed during the life of the star are estimated from

Enew
C13 = EC13 −X0

C13(M −MCO) (A40)and

Enew
N = EN −X0

N(M −MCO) . (A41)It is them assumed that new 14N forms from 12C and 16O proportionally to the initialabundan
e X0
C +X0

O su
h that

Eext
C = X0

C(M −MCO)−Enew
C13 −Enew

N

X0
C

X0
C +X0

O

(A42)where the �rst term is the 12C present at stellar birth, the se
ond is 
onversion to
13C and the third to 14N. A similar expression results for 16O

Eext
O = X0

O(M −MCO)− Enew
N

X0
O

X0
C +X0

O

. (A43)206

2.9 Rapid NeNa and 19F burningwhere the eigenvalues are the solutions of

∣

∣

∣

∣

∣

∣

∣

∣

− 1
τ20
− λ 0 0 1

τ23
1
τ20

− 1
τ21
− λ 0 0

0 1
τ21

− 1
τ22
− λ 0

0 0 1
τ22

− 1
τ23
− λ

∣

∣

∣

∣

∣

∣

∣

∣

= 0 (80)whi
h evaluates to

(
1

τ20
+ λ)(

1

τ21
+ λ)(

1

τ22
+ λ)(

1

τ23
+ λ)− 1

τ20τ21τ22τ23
= 0 . (81)With α = 1/τ20, β = 1/τ21, γ = 1/τ22 and δ = 1/τ23 this 
an be simpli�ed to

(α + λ)(β + λ)(γ + λ)(δ + λ) = αβγδ (82)i.e.
λ(λ3 + aλ2 + bλ+ c) = 0 (83)where
a = α+ β + γ + δ , (84)

b = γδ + αδ + βδ + αγ + βγ + αβ (85)and
c = αγδ + βγδ + αβδ + αβγ . (86)The �rst eigenvalue is the trivial solution λ0 = 0. The eigenve
tor U0 is 
al
ulated fromthe set of equations









− 1
τ20

0 0 1
τ23

1
τ20

− 1
τ21

0 0

0 1
τ21

− 1
τ22

0

0 0 1
τ22

− 1
τ23









U0 = [Λ]U0 = 0 (87)whi
h has the solution

U0 =
1

τ20 + τ21 + τ22 + τ23









τ20
τ21
τ22
τ23









. (88)This 
an be rewritten by noting that 51
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[Λ]U0 =
d

dt
U0 = 0 (89)so all the time derivatives are zero. This leads to the following equilibrium solution

20Ne

τ20
=

23Na

τ23
, (90)

20Ne

τ20
=

21Na

τ21
, (91)

21Ne

τ21
=

22Na

τ22

(92)and

22Ne

τ22
=

23Na

τ23
. (93)Substitution into U0 gives

U0 =
1

NNeNa  20Nee21Nee22Nee23Nae  =
Ue

NNeNa (94)where the subs
ript e refers to equilibrium and

NNeNa =20Ne +21Ne +22Ne +23Na (95)is the total (
onserved) number density of NeNa 
y
le isotopes.It now remains to identify the other eigenvalues λ1, λ2 and λ3. These are solutions ofthe 
ubi
 equation

λ3 + aλ2 + bλ + c = 0 , (96)whi
h 
an be 
al
ulated using the 
ubi
 formula. All three roots are usually real and inthe 
ase where they are 
omplex NeNa 
y
ling is skipped for a timestep5. Given λ1, λ2and λ3 from above, substitution into the eigenvalue equation gives








− 1
τ20

0 0 1
τ23

1
τ20

1
−τ21 0 0

0 1
τ21

− 1
τ22

0

0 0 1
τ22

− 1
τ23









Ui = [Λ]Ui = λiUi . (97)5This situation is rare but 
an o

ur at low metalli
ity and high mass � the reasons for the failure seemto be numeri
al.52

A3 The Portinari et al. (1998) Method
d27Al

dt
=

26Mg
τ26

+
26Al
τ ′26

> 0 (A33)whi
h is of a slightly di�erent form to the other equations. This 
an be rewritten
d27Al

dt
= f ′

26 + g′26e
−t/τ24 + h′26e

−t/τ25 + i′26e
−t/τ ′ + j′26e

−t/τ26 +

a∗26 + b∗26e
−t/τ24 + c∗26e

−t/τ25 + d∗26e
−t/τ ′ (A34)where f ′

26 = f26/τ26, g′26 = g26/τ26, h′26 = h26/τ26, i′26 = i26/τ26, j′26 = j26/τ26, a∗26 = a26/τ
′
26,

b∗26 = b26/τ
′
26, c∗26 = c26/τ

′
26 and d∗26 = d26/τ

′
26. This 
an be further simpli�ed to

d27Al
dt

= a27 + b27e
−t/τ24 + c27e

−t/τ25 + d27e
−t/τ26 + f27e

−t/τ ′ (A35)where a27 = f ′
26 + a∗26, b27 = g′26 + b∗26, c27 = h′26 + c∗26, d27 = j′26 and f27 = i′26 + d∗26.Integration gives

27Al = a27t− (b27τ24e
−t/τ24 + c27τ25e

−t/τ25 + d27τ26e
−t/τ26 + f27τ

′e−t/τ
′

)+
onst (A36)where the 
onstant of integration is found from the initial value 27Al0 so the full solutionis
27Al = a27t− (b27τ24e

−t/τ24 + c27τ25e
−t/τ25 + d27τ26e

−t/τ26 + f27τ
′e−t/τ

′

) +
27Al0 + (b27τ24 + c27τ25 + d27τ26 + f27τ

′) . (A37)Psy
hologi
al help is available to readers who make it this far, but prepare your liver forit.
A3 The Portinari et al. (1998) MethodIt is easy to remove the envelope from a star in the rapid nu
leosynthesis model be
ausethe mass and 
omposition of the envelope are known. After this however it is impossibleto know the abundan
e of the matter in the CO 
ore eje
ta. The method of Portinariet al. (1998) is used to 
al
ulate the abundan
es in the eje
ta of an exploding CO 
orea

ording to the models of WW95. Su
h a method is required be
ause the yields publishedby WW95 are for the entire star and do not in
lude mass loss prior to the supernova.Portinari's notation is as follows: 205
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d24Mg

dt
= I −

24Mg

τ24
, (A24)the solution to whi
h is

24Mg = a24 + b24e
−t/τ24 (A25)where a24 = τ24I and b24 =24 Mg0 − a24. The 25Mg equation 
an be arranged as

d25Mg

dt
+

25Mg

τ25
=

24Mg

τ24
=
a24

τ24
+
b24
τ24

e−t/τ24

= a′24 + b′24e
−t/τ24 (A26)whi
h has the solution

25Mg = a25 + b25e
−t/τ24 + c25e

−t/τ25 (A27)where a25 = τ25a
′
24, b25 = b′24/(

1
τ25
− 1

τ24

) and c25 =25 Mg0 − b25 − a25. The 26Al equation is

d26Al

dt
+

26Al

τ ′26
=

25Mg

τ25

= a′25 + b′25e
−t/τ24 + c′25e

−t/τ25 (A28)where

1

τ ′26
=

1

τ26′
+

1

τβ26

(A29)and a′25 = a25/τ25, b′25 = b25/τ25 and c′25 = c25/τ25. The solution is

26Al = a26 + b26e
−t/τ24 + c26e

−t/τ25 + d26e
−t/τ ′ (A30)where a26 = τ ′a′25, b26 = b′25/(

1
τ ′
− 1

τ24
), c26 = c′25/(

1
τ ′
− 1

τ25
) and d26 =26 Al0−a26− b26− c26.Substitution into the 26Mg equation gives

d26Mg

dt
+

26Mg

τ26
=

26Al

τβ26
= a′26 + b′26e

−t/τ24 + c′26e
−t/τ25 + d′26e

−t/τ ′ (A31)where a′26 = a26/τβ26, b′26 = b26/τβ26, c′ = c26/τβ26 and d′26 = d26/τβ26. So,
26Mg = f26 + g26e

−t/τ24 + h26e
−t/τ25 + i26e

−t/τ ′ + j26e
−t/τ26 (A32)where f26 = τ26a

′
26, g26 = b′26/(

1
τ26
− 1

τ24
), h26 = c′26/(

1
τ26
− 1

τ25
), i26 = d′26(

1
τ26
− 1

τ ′
) and

j26 =26 Mg0 − f26 − g26 − h26 − i26. Finally for 27Al204

2.9 Rapid NeNa and 19F burningThe solution is

Ui =











τ20(λi +
1
τ21

)

1
1

τ21(λi+
1

τ22
)

τ20τ23(λi +
1
τ21

)(λi +
1
τ20

)











(98)and the NeNa abundan
es as a fun
tion of time are 
al
ulated from
U(t) = Ue +

∑

i=1,2,3

Aie
λitUi (99)where the gory details of the solution for Ai are in Appendix A1.There are three rea
tions whi
h 
an destroy 19F: 19F(p, γ)20Ne, 19F(p, α)16O and 19F(p, n)19Ne.At T9 = 0.08 they have rea
tion rates of 2.28×10−10, 8.13×10−7 and less than 10−22 
m3 mol−1 s−1respe
tively (Angulo et al., 1999) so only the 19F(p, α)16O rea
tion is ne
essary. The 
hangein 19F is 
al
ulated from

19F→ e−t/τ19α 19F . (100)The 
orresponding 
hange in 16O is negle
ted be
ause the 16O abundan
e is about 10−2while the 19F abundan
e is less than 10−7 so even if all the 19F is 
onverted to 16O thee�e
t is small.Figures 20 to 23 show the syntheti
 model with and without NeNa 
y
ling 
ompared tothe Monash models. Note that when the red lines are invisible they are hiding under thegreen lines. The qualitative and in some 
ases the quantitative agreement is good. 20Neis an ex
eption. The rea
tion 23Na(p, α)20Ne is extremely sensitive to temperature in theHBB regime, while 20Ne(p, γ)21Na(β+)21Ne is not. The di�eren
e in times
ales leads tonumeri
al errors whi
h are as great as the 
hange in 20Ne seen in the detailed models owingto HBB or DUP. As is usual with numeri
al errors the e�e
t is quite random hen
e the�u
tuations in the 20Ne yield as a fun
tion of mass. Also, as the temperature rises and the

23Na(p, α)20Ne times
ale be
omes small it is 
omparable with the 
onve
tive turnover timeso the assumptions of the syntheti
 HBB model � thin shell, 
onstant temperature anddensity � are no longer valid and a

urate syntheti
 burning proves di�
ult (in a similarmanner to Li and Be). Still, most 20Ne is thought to 
ome from high-mass stars and theirasso
iated supernovae with only a small 
ontribution from AGB stars so the worry is notwarranted. The abundan
e of 22Na is also poorly mat
hed, but given the short times
ale forde
ay of this isotope and its similarity to the 
onve
tive turnover time again it is di�
ultto do any better.Despite these small problems the temporal behaviours of 19F, 21Ne, 22Ne and 23Na aresigni�
antly improved with respe
t to the no-NeNa 
ase and the equilibrium value for 22Nais a reasonable assumption. 53
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A2 MgAl
∆22Ne=22Ne0 −22 Nee = A1

1

τ21(λ1 + 1
τ22

)
+ A2

1

τ21(λ2 + 1
τ22

)
+ A3

1

τ21(λ3 + 1
τ22

)
. (A15)These 
an be rewritten as

∆20Ne = A1a+ A2b+ A3c , (A16)

∆21Ne = A1 + A2 + A3 (A17)and

∆22Ne = A1d+ A2e+ A3f (A18)so solve for Ai to �nd
A3 =

∆22Ne-∆21Ne − ( e−d
b−1

)

(∆20Ne−∆21Ne)
(

e−d
b−1

)

(1− c) + (f − d)
, (A19)

A2 =
∆20Ne -∆21Ne− A3(c− 1)

(b− 1)

(A20)and
A1 = ∆21Ne−A2 − A3 . (A21)Substitute a = λ1 + 1

τ21

, b = λ2 + 1
τ21

, c = λ3 + 1
τ21

, d = 1
τ21(λ1+ 1

τ22
)

,e = 1
τ21(λ2+ 1

τ22
)

and

f = 1
τ21(λ3+ 1

τ22
)

to give the 
onstants Ai and hen
e the solution (phew!).A2 MgAlThe following is the general solution to the MgAl 
y
le assuming 27Al a
ts as a sink � more
orre
tly this is the solution to the MgAl 
hain. The solution used in se
tion 2.10 assumesthe rate of input to the 
y
le, I, is zero, an assumption whi
h works well when 
omparedwith the Monash models. A useful result is the solution to the di�erential equation

ẏ + λy = α +
∑

i

βie
−γit (A22)whi
h is

y =
α

λ
+
∑

i

(

βi
λ− γi

)

e−γit +

(

y0 −
α

λ
−
∑

i

βi
λ− γi

)

e−λt . (A23)The �rst equation of the 
hain 
an be rearranged as 203
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y =

(

β

λi + γ

)

x . (A8)Then

Ui =











(

λi+β
α

)

1
(

β
λi+γ

)

(λi+α)(λi+β)
αδ











(A9)or in terms of the τ ′s

Ui =











τ20(λi +
1
τ21

)

1
1

τ21(λi+
1

τ22
)

τ20τ23(λi +
1
τ21

)(λi +
1
τ20

)











(A10)whi
h 
an be 
al
ulated easily be
ause τi and λi are known.Normalization is the obtained from the full equation

U(t) = NNeNaU0 +
∑

i=1,2,3

Aie
λitUi (A11)at time t = 0 and where NNeNaU0 = Ue is the equilibrium solution. Everything isknown in
luding the abundan
es U(t = 0) (subs
ript 0 on the number densities) from theprevious timestep, ex
ept the Ai. The exponential terms are unity at t = 0 and A0U0 isthe equilibrium solution so

U(t = 0) =









20Ne021Ne022Ne023Na0









=









20Nee21Nee22Nee23Nae +
∑

i=1,2,3

Ai











τ20(λi +
1
τ21

)

1
1

τ21(λi+
1

τ22
)

τ20τ23(λi +
1
τ21

)(λi +
1
τ20

)











. (A12)The deviations from equilibrium at t = 0 are then

∆20Ne = 20Ne0 −20 Nee = A1τ20(λ1 +
1

τ21
) + A2τ20(λ2 +

1

τ21
) + A3τ20(λ3 +

1

τ21
) , (A13)

∆21Ne = 21Ne0 −21 Nee = A1 + A2 + A3 (A14)and202
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A AlgorithmsA1 NeNaWith α, β, γ and δ as before (se
tion 2.9) and number densities of 20Ne...23Na as w, x, yand z the eigenvalue equation is








−α 0 0 δ
α −β 0 0
0 β −γ 0
0 0 γ −δ

















w
x
y
z









= λi









w
x
y
z









. (A1)As is typi
al in this sort of problem there is no unique solution to this set of equationshowever one variable (x in this 
ase) 
an be set to 1 and the other variables w, y and zevaluated as fun
tions of x. The eigenve
tor is then normalized a

ording to the initial
onditions by �xing up the Ai in eq. (99). Note that when α = 0 there is a problem be
ausethe determinant is zero, so the solution is ignored on timesteps where this happens andre
overs ni
ely for the next timestep with only a minor glit
h in the surfa
e abundan
es.Writing out the equations in full
−αw + δz = λiw , (A2)

αw − βx = λix , (A3)

βx− γy = λiy (A4)and
γy − δz = λz . (A5)The �rst two 
an be 
ombined to give

w =

(

λi + β

α

)

x (A6)and

z =
(λi + α)(λi + β)

αδ
x (A7)while the third is easily 
onverted to 201
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Figure 24: The times
ales for the various MgAl rea
tions as a fun
tion of temperature.2.10 Rapid MgAl burningThe MgAl 
y
le is given by

25Mg (p,γ)−−→ 26Al (p,γ)−−→ 27Si

(β+) ↑
25Al

(p, γ) ↑

↓ (β+)
26Mg

↓ (p, γ)

�
�

�
�	

(β+)

23Na (p,γ)−−→ 24Mg (p,α)←−− 27Al (p,γ)−−→ 28Siwith the appropriate times
ales shown in �gure 24.Assumptions are required to pro
eed:

• Entry into the MgAl 
y
le via 23Na is negle
ted for simpli
ity. This works well eventhough the 23Na(p, γ)24Mg and 23Na(p, α)20Ne 
ross se
tions are similar.
• The 
y
le is terminated at 27Al be
ause the times
ale for 
onversion of 27Al to 24Mgor 28Si is long 
ompared to the burning time. This is justi�ed when looking at theMonash models be
ause the 28Si abundan
e hardly 
hanges.
• The beta-de
ays of 25Al and 27Si are qui
k enough to be 
onsidered instantaneous(τ = 10 s and 6 s respe
tively).

• The de
ay of 26Al, with a times
ale of about 7 × 105 yrs, must be in
luded in the
hain.58

Single Star A star born alone in spa
e. See also binary star.SSE The rapid Single Star Evolution 
ode of Hurley et al. (2000). This 
ode mimi
s adetailed stellar evolution 
ode for L, M , M
, R et
. by the use of analyti
 formulae.The resulting model runs in fra
tions of a se
ond rather than hours or days.
s-pro
ess Slow neutron 
apture whi
h leads to the produ
tion of heavy metals, thoughtto o

ur in TPAGB stars (see Clayton, 1983; Busso et al., 2001).Supernova (SN, plural SNe) An explosion resulting from either stellar 
ore-
ollapse (typeII/Ib/I
) or thermonu
lear explosion of a white dwarf (type Ia).Thermally Pulsing Asymptoti
 Giant Bran
h (TPAGB) A twin shell-burning (hydro-gen and helium) giant star with a large, 
onve
tive envelope.Third Dredge Up The mixing of helium (and some hydrogen) burned material into thestellar envelope 
aused by thermal pulses (see TPAGB).Tout Everything (Fren
h) or an r -less �sh. A

ording to the OED also �A thieves' s
outor wat
hman� whi
h sounds about right!WC, WN, WO See Wolf-Rayet.White Dwarf (WD) The �nal stage in intermediate- and low-mass stellar evolution � thedegenerate remains of the stellar 
ore. Three sub
lasses exist, helium white dwarfs(HeWDs), 
arbon-oxygen white dwarfs (COWDs) and oxygen-neon white dwarfs(ONeWDs), all with di�erent progenitors.Wolf-Rayet (WR) A star with a spe
trum of broad emission lines (due to enormous mass-loss rates) similar to an O or B star but dominated by 
arbon (WC sub
lass), oxygen(WO sub
lass) or nitrogen lines (WN sub
lass).Zero-Age Main Sequen
e (ZAMS) The time at whi
h hydrogen burning begins in thestellar 
ore, 
onventionally t = 0 in stellar evolution.

199



GlossaryGiant Bran
h (GB) A hydrogen shell-burning star whi
h has a very large 
onve
tive en-velope. Be
ause the envelope is large it is 
ool so these are often termed Red Giants.Helium Star A star whi
h has a high surfa
e abundan
e of helium and very little hydrogen,up to 1− Z (in the Dray models).Helium Main Sequen
e (HeMS) A star whi
h burns helium in its 
ore and has no hy-drogen envelope.Helium Giant Bran
h (HeGB) Similar to the GB but with shell helium burning insteadof shell hydrogen burning.Helium Hertzsprung Gap (HeHG) A phase of stellar evolution between the HeMS andHeGB asso
iated with relatively rapid 
ore 
ontra
tion.Helium White Dwarf (HeWD) See white dwarf.Hertzsprung Gap (HG) A phase of stellar evolution between the MS and GB asso
iatedwith relatively rapid 
ore 
ontra
tion.Hertzsprung-Russell Diagram (HRD) A plot of logL vs logTe� often used to help explainstellar evolution.Karakas Amanda, or a referen
e to her models.Main Sequen
e (MS) The phase of 
ore hydrogen burning that all stars experien
e.MSSSP John Lattanzio's version of the Mount Stromlo stellar evolution 
ode.Novae Thermonu
lear explosions 
aused by a

retion and ignition of hydrogen-ri
h ma-terial on to a white dwarf.nu
syn The syntheti
 nu
leosynthesis 
ode presented in this dissertation. See also Izzardet al. (2004); Izzard & Tout (2003, 2004).Nu
leosynthesis The 
osmi
 formation of atoms more 
omplex then the hydrogen atom(OED).Oxygen-Neon-Magnesium White Dwarf (ONeWD) See white dwarf.
r-pro
ess Rapid neutron 
apture whi
h leads to the produ
tion of heavy metals, thoughtto o

ur in supernovae, perhaps in neutron star mergers or AIC explosions.Ro
he-Lobe Over�ow (RLOF) Mass transfer whi
h o

urs when a star be
omes so large(or so 
lose to its 
ompanion) that its surfa
e material is transferred to the 
ompanion.Se
ond Dredge Up The mixing of hydrogen-burned material into the stellar envelopewhi
h o

urs as the 
onve
tive envelope develops on the EAGB.198

2.11 The S-Pro
essThe di�erential equation set to be solved is then
d24Mg
dt

= −
24Mg
τ24

, (101)
d25Mg
dt

= −
25Mg
τ25

+
24Mg
τ24

, (102)

d26Al

dt
=

25Mg
τ25
−

26Al
τβ26

−
26Al
τ26′

=
25Mg
τ25
−

26Al
τ ′26

, (103)where τ−1
26′ + τ−1

β26 = τ ′26
−1,

d26Mg
dt

=
26Al
τβ26

−
26Mg
τ26

(104)and

d27Al
dt

=
26Mg
τ26

+
26Al
τ26′

> 0 (105)where the isotopes represent number densities. The equations are ea
h solved in turnleading to a horrendous mess of algebra. Fortunately 
omputers do not 
are about su
hthings. The method of solution is in appendix A2.Figures 25 to 28 
ompare the syntheti
 model with and without the MgAl 
y
le and theMonash models. Again, when there is little burning the green lines hide the red lines. Theagreement is good for most stars although again the temperature sensitivity of the 
y
leis evident with the M = 6 M⊙, Z = 0.008 star over-burning 24Mg to 25Mg. This does nota�e
t the yield of a population too mu
h be
ause the agreement at Z = 0.02, Z = 0.004and M = 5 M⊙ is ex
ellent. The radioa
tive nu
leus 26Al is followed a

urately and the
hange in 28Si is negligible. This justi�es the use of 27Al as the terminal link in the MgAl
hain.2.11 The S-Pro
essThe produ
tion of elements beyond iron is possible by slow neutron 
apture, known as the

s-pro
ess. The stellar 
onditions responsible for this are thought to o

ur in the intershellregion of AGB stars, where the rea
tions 13C(α, n)16O and 22Ne(α, n)25Mg provide theneutrons. The 13C rea
tion a
tivates at temperatures of 9 × 107 K but the 22Ne rea
tionrequires T > 3×108 K whi
h o

urs only in the most massive AGB stars. For the 13C sour
eto be a
tivated protons must be mixed from the 
onve
tive envelope into the hydrogen-freeintershell region. The physi
s of this pro
ess is still highly un
ertain with suggestions thatsemi-
onve
tive di�usion due to 
arbon re
ombination (Iben & Renzini, 1982), gravity wavemixing (Denissenkov & Tout, 2003), 
onve
tive overshooting (Herwig & Langer, 2001) orstellar rotation (Herwig, Langer & Lugaro, 2003) may be important. For the purposesof the syntheti
 model the details of 
onve
tion zones, neutron poisons, mixing with s-59
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Glossary
For Carolina.AIC A

retion indu
ed 
ollapse. An ONeMg WD a

retes material until it is so massive it
ollapses to a NS. Possibly a sour
e of r-pro
ess nu
leosynthesis (Qian & Wasserburg,2003) or possibly not (Nomoto & Kondo, 1991).Asymptoti
 Giant Bran
h (AGB) See EAGB and TPAGB.Barium star A star with a very strong BaII 4554 line.binary_
 As BSE but written in C, not the evil Fortran.binary_
/nu
syn The 
ombination of binary_
 and the nu
syn library.Binary Star A star born with a nearby 
ompanion star.BSE The rapid Binary Star Evolution 
ode of Hurley et al. (2002). Similar to SSE but forbinary stars.Carbon Star Red giant with surfa
e abundan
e ratio NC/NO ≥ 1.0 .Carbon-Oxygen White Dwarf (COWD) See white dwarf.Core-Helium Burning (CHeB) The stellar evolution phase between the GB and EAGBin whi
h the star burns helium steadily in its 
ore.Dray Lynnette, or a referen
e to her massive star models.Dwarf Carbon Star A 
arbon star whi
h is not a giant, formed by a

retion of 
arbon-ri
hmaterial.Early Asymptoti
 Giant Bran
h (EAGB) A shell helium-burning giant star with a large,
ool, 
onve
tive envelope.Eggleton Stellar evolutionist (Peter) or a referen
e the 
ode he wrote or the models madewith this 
ode for SSE/BSE.First Dredge Up The mixing of hydrogen-burned material whi
h o

urs as the star as-
ends the giant bran
h. 197
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2 Low- and Intermediate-Mass Starspro
ess material from previous pulses and the details of the neutron sour
e are quietlyswept under the proverbial 
arpet and only the 
omposition of the s-pro
ess nu
lei in thematerial dredged-up is 
onsidered. It is assumed that a 13C po
ket does exist and its mass(and hen
e the s-pro
ess neutron exposure) is treated as a free parameter together withstellar mass and metalli
ity. The models used are taken from Gallino et al. (1998) andLugaro (private 
ommuni
ation). Given the present un
ertainties in s-pro
ess modellingonly elemental abundan
es are �tted, the isotopi
 distributions are not reliable enough tobe worth �tting.Fortunately, the s-pro
ess abundan
es of the dredged-up material are quite simple to �ton
e the �ts for a few key elements are established. The heavy elements Ce, Dy, Er, Eu,Gd, Hf, Hg, Lu, Nd, Os, Pr, Re, Sb, Sm, Sn, Ta, Tb, Te, Tl, W, Xe and Yb are �tted toBa. The light elements Ag, Cd, In, Mo, Pd, Ru, Sr, T
 and Zr are �tted to Y. Rb and Krform a separate grouping as do Bi and Pb whi
h are the heaviest elements formed by the

s-pro
ess. The models have masses M = 1.5, 3 and 5 M⊙ and data are taken from pulsenumbers 14, 21 and 28 respe
tively, where the pulse is 
hosen to be representative of theasymptoti
 regime. A model of ea
h star exists for Z = 0.02, 0.006, 0.002, 5 × 10−4 and

10−4. The 13C po
ket has mass 9.3× 10−4 M⊙ and is assumed to 
ontain no 14N. The 13Ce�
ien
y ξ is proportional to the abundan
e XpC13 of 13C in the po
ket

ξ = XpC13/0.00382 . (106)The �ts for intershell Y, Ba, Kr and Pb as fun
tions of Mi, Z and ξ are

105X iY = (a107
χb107 + 0.1

(χ + c107)d107 + e107
− f107)(g107ξ

2 + h107ξ + i107) + j107M
4i , (107)

105X iBa = 10
a108+

»

b108χ1.5+c108
(χ+d108)3+e108

–

× f108(Z)× g108(ξ) + h108M
4.5i , (108)

log10 Pb = a109χ
b109 + c109ξ + d109ξ

2 + e109Z + f109 + g109Mi +
h109(log10 ξ + i109)× (log10 ξ + j109)× (log10 ξ + k109) (109)then

108X iPb = Pb× 10max[0,(a110+b110Mi)×(2−log10 Pb)] (110)and

log10 108X iKr = a111+b111Mi+c111M2i +d111 log10(103Z)+e111
[

log10(103Z)
]2

+f111ξ+g111ξ
2(111)where χ = 103Z/ξ. The remaining elements A are then �tted using a log-log �t64
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2.12 Radioa
tive De
ay
log10A = a112 log10 B + b112 (112)where B is one of Y, Ba, Pb or Kr. The �ts are given in appendix B6 and 
omparison ofthe �ts to the FRANEC results are shown in �g. 29.2.12 Radioa
tive De
aySome isotopes produ
ed in the above nu
lear burning algorithms are radioa
tively unstable,notably 22Na, 26Al and T
. These are exponentially de
ayed at the end of ea
h timestepa

ording to eq. (58) with α = exp(−δt/τr) where τr is the radioa
tive lifetime and δt thetimestep. Lifetimes are taken from the 
ompilation of Tuli (2000).2.13 Low- and Intermediate-Mass Stellar RemnantsThe remnants of single low- and intermediate-mass stellar evolution are white dwarfs.These 
ome in three �avours whi
h are modelled as follows.

• Helium white dwarfs (HeWDs) are the 
ores of giant bran
h stars whi
h have losttheir envelopes. All hydrogen is 
onverted to helium so the mass fra
tion of helium is

1− Z. Helium white dwarfs are more likely to o

ur as a result of binary evolution.

• Carbon-oxygen white dwarfs (COWDs) are formed by helium burning. These areassumed to be, apart from metals heavier than 19F whi
h remain un
hanged, 80%
12C and 20% 16O. The hydrogen, helium, other CNO isotopes and �uorine are set tozero abundan
e.
• Oxygen-neon white dwarfs (ONeWDs) form from the most massive AGB 
ores. Thetemperature in these 
ores is high enough that 
arbon ignites in semi-degenerate
onditions (Pols et al., 1998). These are modelled as 80% 16O and 20% 20Ne, whileeverything heavier is un
hanged and the hydrogen, helium, CNO and �uorine arezero. By de�nition of an intermediate-mass star these stars do not ex
eed a mass of

MCh � if they did a supernova would o

ur owing to ele
tron 
apture on 24Mg.No attempt is made to in
lude detailed WD evolution or abundan
es in this model. Thisis be
ause WDs are not dire
tly important for nu
leosynthesis, ex
ept type Ia supernovaeand novae. The yields for these explosions are �tted to the results of detailed models so,while the �tted yields depend on whether the progenitor is a He-, CO- or ONe-WD, theydo not depend on the stellar abundan
es. It is also di�
ult to remove matter from thesurfa
e of a WD in any other way. They are not 
onsidered to have a wind and even ifthey did it is likely that the surfa
e layer of the WD is lost �rst. The surfa
e layer 
ontainshydrogen, helium and other light elements from the remnant star or a 
ompanion. Su
hobje
ts require more detailed modelling than is available in a syntheti
 model. 65
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2.14 Carbon Star Luminosity Fun
tions
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ZAMS Mass / M�Figure 30: Left panel: the solid line is the 
ore mass at the �rst thermal pulse and thedashed line is Mmin
 , both from Karakas et al. (2002) for Z = 0.02. The dot-dash lines, from top to bottom, are for ∆Mmin
 = 0, −0.025, −0.05, −0.075 and

−0.1. Right panel: the solid line is λmax from Karakas et al. (2002) for Z = 0.02,the dashed lines are for λmin = 0.3, 0.5 and 0.7.2.14 Carbon Star Luminosity Fun
tionsThe Carbon Star Luminosity Fun
tion (CSLF) is de�ned as the number of 
arbon starsper unit bolometri
 magnitude for a parti
ular population i.e. it is a probability densityfun
tion. It is a 
ommon diagnosti
 used to 
he
k and possibly 
alibrate third dredge-up.Carbon star surveys of the Magellani
 Clouds are thought to be 
omplete be
ause thesestars are bright, albeit in the infra-red owing to dust, and 
arbon stars are easy to identifyby spe
trographi
 and photometri
 methods. A population of stars is modelled in the massrange 0.5 ≤ Mi/M⊙ ≤ 8.0 where the probability for ea
h star is taken from the IMF ofKroupa, Tout & Gilmore (1993, see appendix D4) and a 
onstant star formation rate isassumed. Results are 
ompared to the LMC (Z = 0.008) and SMC (Z = 0.004) data takenfrom (Groenewegen, 2002; see also Groenewegen, 1999). The theoreti
al distributions arebinned identi
ally to the observed data in 0.25mag bins. All distributions are normalizedsu
h that the integrated probability is 1.0 so are independent of the star formation rate.Be
ause the bin widths are �xed the probability density is dire
tly proportional to theprobability per bin i.e. the number of stars per bin. It is 
ompared dire
tly to the suitablynormalized observations.It turns out that to �t the dim 
arbon stars with bolometri
 magnitude greater than −3a 
orre
tion to the luminosity to deal with post-�ash minima must be introdu
ed. This isa fa
tor of the form

fL = 1− 0.5×min

[

1, exp(−3
τ

τip )

]

, (113)67
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Bolometric MagnitudeFigure 31: The best �t syntheti
 model 
arbon star luminosity fun
tions for the LMC(Z = 0.008, left panel) and the SMC (Z = 0.004, right panel). Observationsare from Groenewegen, 2002.whi
h is a
tivated for the �rst ten pulses to mimi
 the Monash models. After about tenpulses the luminosity dip lasts for a short time and is not of large enough magnitude to
ontribute to the dim CSLF tail (the maximum dip seen in the full evolution models is afa
tor of 0.5L equivalent to 0.75mag). Extending the dip to all pulses does not signi�
antly
hange the model CSLF of either the SMC or LMC. The dimmest of 
arbon stars withmagnitude about −3 
annot be �tted at all be
ause they are probably extrinsi
 
arbonstars in binary systems (Izzard & Tout, 2004). Note that in order to resolve the dips thetimestep is redu
ed to at most one tenth of the interpulse period.The problem with the CSLF is that detailed models predi
t a distribution of stars that istoo bright. The a

epted interpretation is that dredge-up does not begin early enough onthe TPAGB or at a low enough (
ore) mass. The inability of stellar models to mat
h theobserved CSLFs in the Magellani
 Clouds leads to the introdu
tion of two free parameters,
∆Mmin
 and λmin. The minimum 
ore mass for third dredge-up is shifted by ∆Mmin
 (< 0)su
h that dredge-up o

urs at lower 
ore masses than predi
ted by K02 (�g. 30, left panel).The dredge up e�
ien
y λ rea
hes the asymptoti
 value λmax after a few pulses. It isadjusted so that

λmax = max(λmin, λ�tmax) , (114)where λ�tmax is the value from K02 (see �gure 30, right panel). The e�
ien
y of dredge-up inlow-mass stars is in
reased with respe
t to the �t of K02 but remains suppressed for the �rstfew pulses. The syntheti
 model is used to 
alibrate values of ∆Mmin
 and λmin appropriatefor the LMC (Z = 0.008) and SMC (Z = 0.004) by a least-squares minimization. Theshifting of the dredge-up parameters in this way is motivated by simpli
ity in the fa
eof ignoran
e of the physi
al pro
ess responsible for dredge-up in low-mass stars � a more68

7.1 Future Prospe
ts
• Pre-MS or MS CNO 
y
ling in the stellar interior. This is very di�
ult.
• WD surfa
e layers and low-mass helium stars 
ould be treated properly. Detailedevolution models are required for this.
• A GCE model to test all the above should be developed.
• In
orporation of this model into Hurley and Aarseth's NBODY 
ode (the gas will betri
ky. . . ).

• An easily a

essible database of stellar surfa
e abundan
es with whi
h to 
omparethe strange stars made by the model. This is a big proje
t but is ultimately ne
essary.There is, as always, plenty to get on with. But I am going for a pint or maybe that bottleof Gigondas that Chris promised me. . . Carolina suggests a 
rate!
189



7 Con
lusions - Yields from Single and Binary Stars
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Figure 82: Yield per unit mass input to stars for 65Cu, Ba, Pb and Y.188

2.15 Single Star AGB Yields - Monash vs Syntheti

ompli
ated expression is not justi�ed.The best �t single star models (see �g. 31) have ∆Mmin
 = −0.07 and λmin = 0.5 for theLMC and ∆Mmin
 = −0.07 and λmin = 0.65 for the SMC. These values are similar to thoseof Marigo (2001) noting that ∆Mmin
 = −0.07 gives Mmin
 ≈ 0.59 M⊙ at Mi ≈ 1.5 M⊙ (atypi
al mass for C-stars; Wallerstein & Knapp, 1998).A simple linear �t to the above dredge-up parameters gives
∆Mmin
 = −0.07 (115)and

λmin = 0.8− 37.5Z (116)whi
h equates to 0.05 at Z = Z⊙.Comparison with �gure 9 shows that a value of ∆Mmin
 nearer to −0.09 M⊙ is ne
essaryto mat
h Marigo's pres
ription although the fun
tional form of the pres
ription is otherwisesimilar.2.15 Single Star AGB Yields - Monash vs Syntheti
The following yields for isotopes j are de�ned by

p(j,Mi) =
1

Mi ∫ t

0

Ṁ∆Xj dt (117)where t is time (maximum evolution time is 16Gyr for these 
al
ulations), Mi is theinitial stellar mass, Ṁ the mass-loss rate and ∆Xj = X(t)−X(t = 0). An IMF-weightedform
ξ(Mi) ∫ t

0

Ṁ∆Xjdt = ξ(Mi)Mip(j,Mi) (118)is plotted where ξ(Mi) is the KTG93 IMF as given in appendix D4. For a more detaileddis
ussion of yield de�nitions see 
hapter 5.The syntheti
 model yields should mat
h those of the Monash models but there aresome sour
es of di�eren
e. The syntheti
 models in
lude the �nal few pulses in high-massstars. These pulses o

ur when the e�e
t of HBB is diminishing so 
ontain a mixture ofpro
essed and unpro
essed isotopes. In
reases are seen in the yields of 12C, 13C, 14N, 17O,

20Ne, 22Ne, 25Mg and 26Mg. There is another problem with the high-mass yields of isotopesheavier than neon. The 20Ne abundan
e is extremely sensitive to the temperature and sotiny errors on the temperature �t. For this reason it is over-produ
ed at all metalli
itiesfor M ≥ 6 M⊙ although it is under-produ
ed for Z = 0.02, M = 5 M⊙. It proves to beextremely di�
ult to �x this problem. This is frustrating and an indi
ation of how di�
ultyield predi
tions are for AGB stars. The in
orre
t 20Ne leads to dubious 21Ne, although

22Ne is rather more robust to temperature 
hanges. Na is over-produ
ed at high mass and69



2 Low- and Intermediate-Mass Starslow metalli
ity. This might be attributed to the (arti�
ial) la
k of leakage to the MgAl
y
le however 24Mg seems 
orre
t, ex
ept at the highest mass where, at Z = 0.008, it is�tted ex
ellently while at Z = 0.02 and Z = 0.004 there is too little. Again, 24Mg is verysensitive to the temperature, and hen
e the mass. The Monash yields de
rease from −10−4to −8 × 10−4, nearly an order of magnitude, between M = 5 M⊙ and M = 6 M⊙ � thatthis is modeled at all by the syntheti
 model is a good sign. The other MgAl isotopes arereasonably well �tted but again at high masses most yields are overestimated.In summary, the syntheti
 yields provide good estimates (
orre
t to within a fa
tor of 2at any mass) of the AGB yields with the ex
eption of 20Ne and 24Mg whi
h 
an be wrongby a fa
tor of 10 although there is no systemati
 variation with mass or metalli
ity.2.16 Combining SSE with Nu
leosynthesis and theMonash �tsMinor 
hanges are required to make the SSE 
ode fun
tion smoothly in 
onjun
tion withthe �ts to the Monash models. The 
ore mass at the �rst thermal pulse is used to de�nethe EAGB times
ale and for M ≥ 7 M⊙, Z = 0.02 the times
ale is zero be
ause the SSE

M
,1TP is quite di�erent from the K02 �t. This a�e
ts few stars, espe
ially when the IMF isin
luded, and does not a�e
t TPAGB evolution be
ause se
ond dredge-up is still assumedto o

ur at the beginning of the TPAGB. There is also a dis
ontinuity in the luminosityand radius at the beginning of the TPAGB be
ause the Monash model luminosities do notmat
h those of the Eggleton-based models. This 
auses problems when the timestep isdetermined by the rate of 
hange of the radius, so a minimum value of 0.1τip is used tomaintain a

urate evolution and 
ode speed. The same limit is ne
essary when post-pulseluminosity dips are taken into a

ount be
ause these dips are assumed to be instantaneousand this leads to an in�nite time derivative. The nu
leosynthesis 
ode itself only6 intera
tswith the stellar evolution via eq. (31) and so runs largely in parallel with the SSE 
ode.

6Ex
ept WR mass-loss rates whi
h may depend on surfa
e abundan
e.70

7.1 Future Prospe
ts
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Figure 81: Yield per unit mass input to stars for 44Ca, 48Ti, 52Cr and 56Fe. 187
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Figure 80: Yield per unit mass input to stars for 27Al, 32S, 36Ar and 40Ca.186

2.16 Combining SSE with Nu
leosynthesis and the Monash �ts
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Figure 79: Yield per unit mass input to stars for 24Mg, 25Mg, 26Al and 26Mg. 185
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Figure 78: Yield per unit mass input to stars for 20Ne, 21Ne, 22Ne and 23Na.184
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7.1 Future Prospe
ts
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3 High-Mass StarsMassive stars are de�ned as those stars whi
h are initially massive enough to ignite 
arbonin their 
ores and progress to a nu
lear runaway. This o

urs in stars with a mass M &

7 − 8 M⊙. At solar metalli
ity the limit is 8.25 M⊙ a

ording to the SSE model, althoughthe 
hoi
e of mass-loss pres
ription introdu
es some un
ertainty. Stars in the mass range

8 . M/M⊙ . 24 evolve on to the EAGB but never make it to the TPAGB be
ause the 
oregrows large enough to 
ollapse. The star explodes as a type II supernova. The hydrogen-ri
h envelope is eje
ted into the ISM together with some of the 
ore. The remainder ofthe 
ore forms a neutron star remnant with a mass 1.3 . MNS/M⊙ . 1.7, with the SSEpres
ription. There is some un
ertainty in remnant mass and eje
ted mass, this is addressedin se
tion 3.8. The abundan
es of mass eje
ted from the 
ore 
annot be modelled simplyso �ts to detailed models are used, see se
tion 3.7.For stellar masses greater than about 25 M⊙ the star is luminous enough that line-drivenwind loss removes the hydrogen envelope to expose the helium 
ore. Su
h stars are knownas Wolf-Rayet stars. As the hydrogen envelope is stripped, deeper and hotter layers ofthe star are exposed. These layers are ri
h in 14N owing to CNO 
y
ling and are 
alledWNL stars. As the hydrogen itself is removed the star be
omes a helium star, this is theWNE phase. The produ
ts of helium burning are then also exposed as mass loss 
ontinues,leading to a WC phase owing to surfa
e 
arbon and a WO phase due to surfa
e oxygen.These stars will explode as type Ib/
 supernovae if the (degenerate) 
ore mass in anypost-helium-MS stage ex
eeds MCh.The detailed models used for �tting are the Dray models. Nu
leosynthesis is not asdetailed as with the Monash models be
ause a reliable interfa
e between the version of theEggleton 
ode used to 
onstru
t them and Cannon's nu
leosynthesis 
ode does not yet exist(Dray, private 
ommuni
ation). Fits to surfa
e abundan
es vs ZAMS and instantaneousmass are the basis for the rapid nu
leosynthesis model. It has proven extremely di�
ult todo any better, in the time allowed for a PhD, be
ause the interplay between burning shellsand 
onve
tive regions in massive stars requires a detailed model. However, pres
riptionsfor surfa
e 1H, 4He, 12C, 14N, 16O and 20Ne have been 
onstru
ted. A few minor isotopeshave been introdu
ed by 
omparison of the Dray models with those of Maeder & Meynet(1994, MM94).3.1 The ModelsThe full evolution models of massive stars are 
al
ulated with the Eggleton 
ode (Dray,private 
ommuni
ation) and are published in Dray et al. (2003) and Dray & Tout (2003).75



3 High-Mass StarsThe models 
over the mass range 10 ≤ M/M⊙ ≤ 150 although only stars up to 100 M⊙are used for �tting be
ause this is the range of the SSE model. Metalli
ity is in the range

10−4 ≤ Z ≤ 0.03. The SSE 
ode was 
onstru
ted with a similar 
ode to that used to makethese models so the stellar evolution should be 
onsistent, although that does not mean itis!The Wolf-Rayet phases are de�ned in a similar way to Dray et al. (2003, who took theirde�nition from Maeder & Meynet, 1994) but without the e�e
tive temperature 
ondition(they use Te� > 4 for WR stars) and with a lowerX limit of 0.01 rather than 0. The e�e
tivetemperature limit does not work well with the SSE 
ode be
ause the stars are often too
ool to be 
lassed as WR stars. Given the un
ertainty in 
urrent WR observations this isnot entirely unphysi
al. The X limit is for numeri
al 
onvenien
e � the drop toward zerohydrogen is rapid so the di�eren
e between the two 
onditions X = 0 and X = 0.01 issmall. All other massive stars are termed OB.Surfa
e Conditions Phase

X > 0.4 OB

0.01 < X < 0.4 WNL

X < 0.01 and (C +O)/Y < 0.03 WNE

X < 0.01 and (C +O)/Y > 0.03 WC

X < 0.01 and (C +O)/Y > 1 WOThe full evolution models use two mass-loss rates, referred to as MM (after Maeder &Meynet, 1994) and NL (after Nugis & Lamers, 2000) details of whi
h 
an be found in Drayet al. (2003) or appendix D of this dissertation.The following syntheti
 �ts are to the massM , 
ore massM
 and initial massMZAMS1 forthe Z = 0.02 set of models. Corre
tions are applied for variation in mass-loss pres
riptionand metalli
ity. Stars are de�ned for 
onvenien
e as hydrogen stars or helium stars, wherehelium stars are those de�ned by the SSE algorithm to be types HeMS, HeHG or HeGBand hydrogen stars are all the prior stellar evolution phases (MS, HG, GB, CHeB andEAGB).3.2 Surfa
e 1H and 4He in hydrogen stars with
M > 8 M⊙Stars with M . 38 M⊙ experien
e a sudden 
hange in surfa
e hydrogen abundan
e XH1when the internal 
onve
tion zone rea
hes the surfa
e. This is 
oin
ident with the beginningof the Hertzsprung Gap (HG) phase or the base of the RGB for M . 14 M⊙

2. The surfa
ehydrogen abundan
e is �tted with a Fermi-like fun
tion of the mass lost by the star relativeto the main sequen
e ∆M = MZAMS −M su
h that1MZAMS is the ZAMS mass in single stars, but see se
tion 4.6 for binaries.2Stars more massive than this have no RGB at solar metalli
ity.76

7.1 Future Prospe
tsThe r-pro
ess-only isotope 65Cu is produ
ed in roughly equal amounts from single andbinary stars, but 86% of its single-star yield is from SNeII 
ompared to only 54% in binaries.Again SNIb/
 make up the di�eren
e. The s-pro
ess yields drop by 20-40% in binaries dueto a smaller number of TPAGB stars.So are the binary yields signi�
antly di�erent from single-star yields? That all dependson how a

urate the GCE model is desired to be. But it is now possible to at least quantifythe di�eren
e between single and binary star yields over a wide parameter spa
e. If a fa
torof two is important to GCE modellers then they should seriously think about in
ludingbinary yields. This be
omes espe
ially true if the GCE model is sophisti
ated enough toin
lude yields as a fun
tion of both time and metalli
ity. If a fa
tor of 10 (or worse) is allthat is required then they 
an live with their old, probably false, assumptions, but that'snot a good way to make progress in s
ien
e.7.1 Future Prospe
tsChapters 5, 6 and 7 answer the primary question: are binary yields important for Gala
ti

hemi
al evolution?However, there are a number of aspe
ts of binary_
/nu
syn whi
h 
an be improved inorder to 
onstrain some of the un
ertain pro
esses at work in binary stars. A spe
ulativelist is as follows:
• The abundan
es in dredged-up material are 
urrently treated approximately. Thiswill be looked at soon (Karakas, private 
ommuni
ation), with �ts to M , Z andperhaps NTP for a all the isotopes available, up to and in
luding sili
on.

• More intermediate-mass full stellar evolution models are needed, espe
ially for M >
6 M⊙ and 10−4 < Z < 0.004. Perhaps some stars with a di�erent mixing-lengthparameter would be useful, perhaps TPAGB stars evolved with a di�erent 
ode.

• Detailed massive star surfa
e abundan
es in
lude only 1H, 4He, 12C, 14N, 16O and Ne.It will be ne
essary to tie the massive-star evolution models to the post-pro
essingnu
leosynthesis 
ode to do any better. Perhaps this is worth doing. This is notplanned at present although Ri
hard Stan
li�e is developing a similar nu
leosynthesis
ode whi
h may be up to the task. It would be better to extend the rapid shell-burning routines presented here to in
lude massive stars � this was attempted forthis thesis but did not work. . .

• Di�usion of elements in stellar envelopes.

• r-pro
ess yields � it would be good if even 
rude theoreti
al estimates of these yieldswere published.

• A

retion and/or stripping of stars due to supernovae (and perhaps novae). 181



7 Con
lusions - Yields from Single and Binary StarsFor many isotopes there is little 
hange between single and binary stars1. This is not tosay the sour
e of yield is the same between single and binary stars.Take hydrogen as an example. The single-star yield is 0.1868, the binary yield 0.1913,a small di�eren
e. However, where the hydrogen 
omes from is quite di�erent. In goingfrom single to binary stars the AGB yield is 
ut by more than half, the same applies toSNeII. These e�e
ts are 
ompensated by 
ommon envelope and non-
onservative RLOFlosses. Similar arguments apply to helium but also the WR and SNIb/
 yields are doubled.Is this 
hange in stellar sour
e important? Perhaps, be
ause some sour
es present moreun
ertainty than others. Models of massive stars are relatively robust 
ompared to modelsof 
ommon envelope evolution. The possibility of a burning-shell on the 
ore(s), somemixing into the 
ore(s) or an in
orre
t αCE 
annot be ex
luded and might have a majore�e
t.All isotopes whi
h are produ
ed on the TPAGB have their yields diminished in binaries,relative to single stars, quite 
onsistently by a fa
tor of two (see 12C, 13C, 14N, 22Ne). TypeII supernovae give way to type Ib/
, whi
h with smaller 
ores have di�erent patterns ofyields (more 
arbon and less oxygen a

ording to WW95).In most 
ases there is some binary pro
ess whi
h 
ompensates the loss of AGB and SNIIyields. The 12C yields are boosted by a doubling of SNIb/
 and WR yields as well assigni�
ant 
ommon envelope output. Presumably the latter is 
arbon present at the stars'birth although it 
ould be from extreme HeGB stars. Massive star output of 
arbon, fromSNII/Ib/
 and WR stars, a

ounts for about 60% of the total 
arbon yield, assuming a

50% binary fra
tion (by input mass).Novae are important 
ontributors to 13C yields but, interestingly, TPAGB stars are moreso. If a 50% binary fra
tion is assumed then AGB 13C outweighs novae by two to one.However, given the un
ertainties involved in AGB and nova modelling, it is unwise to saynovae are not important. Most 15N 
omes from novae but most 17O 
omes from single AGBstars. The majority of 14N 
omes from single AGB stars � the massive star 
ontribution isonly a few per 
ent. Common-envelope output boosts the 16O yield from binaries a littlebut it is still quite similar to the single-star yield.The NeNa-isotope yields all drop in binaries with the ex
eption of 20Ne. This is be
ausethere is less NeNa 
y
ling on the AGB and the 20Ne is more likely to es
ape the binaryunpro
essed in a 
ommon envelope eje
tion. The usual rearrangement of SNII to SNIb/
has little e�e
t on the 
ombined yield.The MgAl yields are more interesting be
ause there is some 
ontribution to 24Mg fromSNeIa leading to a 20% boost in binaries. There is also the usual drop in yields asso
iatedwith fewer TPAGB stars in binaries.The heavier α-isotopes, 32S, 36Ar, 40Ca, 44Ca, 48Ti, 52Cr and 56Fe, are all asso
iatedwith SNeIa and single-star yields are small for most of them. Iron is also produ
ed in
ore-
ollapse supernovae, though if a 50% binary fra
tion is assumed then 57% of the ironyield is from SNeIa.1This is true be
ause the yields are normalized to mass input � this seems the most sensible de�nition ofthe yield.180

3.2 Surfa
e 1H and 4He in hydrogen stars with M > 8 M⊙
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dX 2

dM1
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M
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0

X

Figure 36: S
hemati
 view of surfa
e hydrogen abundan
e vs mass for M . 40 M⊙.

XH1 = Xi,H1 − dX1

1 + s∆M−dM1
1

, (119)as shown in �gure 36. The hydrogen drop of magnitude dX1 o

urs when dM1 is lostfrom the star, the slope parameter s1 models the rate of 
hange of XH1 with mass lost. For

M & 25 M⊙ there is a further drop in hydrogen as the 
ore approa
hes the surfa
e. This isalso modelled by a Fermi fun
tion at a mass MZAMS − dM2 and of magnitude dX2 so theexpression for X be
omes

XH1 = Xi,H1 − dX1

1 + s∆M−dm1
1

− dX2

1 + s∆M−dM2
2

. (120)The drop in surfa
e hydrogen for M & 38 M⊙ stars is not as sudden as in lower-mass77



3 High-Mass Starsstars, so Fermi fun
tions of log10 ∆M rather than ∆M are used. Only one log-Fermifun
tion is required for M & 55 M⊙ (see �gure 37).The two di�erent mass-loss rates lead to di�erent behaviour of XH1 but this 
an �ttedto M
 and MHG (see Appendix B7.2) where MHG is the mass at whi
h the star leaves theMS and be
omes a HG star. Both the 
ore mass and the HG mass depend on the massloss in the SSE 
ode be
ause luminosity depends on mass and the mass of the 
ore dependson the luminosity history of the star. Prior to the HG MHG is approximated using a linearextrapolation based on the GB base lifetime tBGB = tMS + tHG, where tMS and tHG are theMS and HG lifetimes, and the stellar age t∗ su
h that

MHG = MZAMS − (MZAMS −M)
tBGB

t∗

(121)and on
e the HG is rea
hed MHG is known.Corre
tions are made for 
hanges in metalli
ity. For Z > 0.02 there is little 
hange butfor Z . 0.01 the behaviour of the 
onve
tion zones di�ers due to opa
ity 
hanges su
h thatthe sudden 
hanges in XH1 at Z = 0.02 are smoothed out. Corre
tions are made to the

Z = 0.02 �ts to deal with this. Appendix B7 
ontains the ne
essarily rather 
ompli
atednumeri
al details.Surfa
e helium is then 
al
ulated from

XHe4 = 1−XH1 − Zt (122)where Zt is the 
urrent metalli
ity of the star with a 
orre
tion to ensure a smooth transitionto the helium star phase (see appendix B7).3.3 Surfa
e CNO in hydrogen starsAs hydrogen is burned by the CNO 
y
le the CNO isotopes other than 14N are 
onverted to
14N. It is quite simple to �t XC12 and XO16 to XH1 and 
al
ulate XN14 by 
onserving CNOnumber. First, ψO16 ≡ XXO16/XCNO is �tted as a fun
tion of ψXH1 ≡ XXH1 × 0.7/Xi,XH1(su
h that ψXH1 = XXH1 for Z = 0.02 be
ause Xi,XH1 = 0.7) then

ψO16 = max
[

0, (a123 + bc123ψXH1+d123123 + e123ψ
f123XH1)×

(g123 + h123MZAMS + i123M
2ZAMS + j123M

3ZAMS +

k123 exp(−(MZAMS − 40)2/l123)
]

. (123)Then ψC12 ≡ XXC12/XCNO is �tted to ψO16 as

ψC12 = max
[

0, a124 + b124ψO16 + c124ψ
2O16] . (124)The 
hange in surfa
e 14N is then 
al
ulated from the 
hange in surfa
e 12C and 16O inthe 
urrent timestep78

7 Con
lusions - Yields from Singleand Binary StarsThe 
onsiderations of the previous two 
hapters aside, the aim of this work is to determinethe e�e
t of a binary 
ompanion on the stellar yield. Figures 76 to 82 show this for a

Z = 0.02 default population (see 
hapter 5). The yield per unit mass input to stars,normalized to the KTG93 IMF and multiplied by the mass M , is plotted against lnM .For single stars this is
fj =

dyj
d lnM

=
M dyj
dM

=
M ψ(M)

∫ t

0
Ṁ(t)Xj(t) dt

∫

M ψ(M) dM
, (204)while for binary stars the M2 and a distributions (�at-q and �at-a, the defaults) are inte-grated over to give

fj =
dyj

d lnM1

=
M1 dyj
dM1

=
M1ψ(M)

∫ t

0

∫

a

∫

M2
φ(M2)χ(a)Ṁ(t)Xj(t) dM2 da dt

∫

M1

∫

M2
(M1 +M2)ψ(M)φ(M2) dM2 dM1

, (205)where
yj = MASS OUT AS j FROM ALL STARSMASS INTO ALL STARS =

∫all stars ∫ t0 ΨiṀi(t)Xj(t) dt di
∫all starsMiΨi di

(206)as previously.The �gures show the yield M1f = M1dy/d lnM1 from various sour
es, Thorne-�ytkowobje
ts (TZ), giant-bran
h winds (GB), AGB winds (AGB), WR winds (WR), novae,SNeIa, SNeIb/
, SNeII, 
ommon-envelope evolution (Comenv), non-
onservative Ro
heLobe Over�ow (RLOF) and wind loss from other stellar types (Wind). The 
orresponding
olours are shown in the key in the top-right 
orner of ea
h plot. Between ea
h sour
ename and the 
olour are two numbers. These are the y for the sour
e and the fra
tion ofthe total yield due to this sour
e. The total yield is the number in the top left 
orner ofthe plot. Single stars are shown in the left plots, binary stars on the right.These plots answer the question what is the e�e
t of binary stars on 
hemi
al yields?179



3.3 Surfa
e CNO in hydrogen stars

1dM0

X

0.4

0.7

MFigure 37: S
hemati
 view of the 
hange in surfa
e hydrogen abundan
e for M & 55 M⊙.
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3 High-Mass Stars

∆14N = 14

(

∆12C

12
+

∆16O

16

)

. (125)The Dray models do not 
ontain 13C however the MM94 models do so it is possible toapproximate the surfa
e abundan
e. The mass at whi
h 12C and 14N are equal for theDray models and the MM94 models is used as a referen
e and the 13C abundan
e takenas typi
al for the CNO burned layers. The 
hange in 13C is then related to the 
hange in

12C by

d13C = −γ13d
12C (126)where γ13 is a fun
tion of MZAMS and XN14. The maximum value of 13C is about 12C/4when the CNO 
y
le is in equilibrium. It turns out that about 1% of 13C is from WR stars,most is produ
ed in AGB stars and novae so even if this approximate value is in
orre
t itis not important.Similarly 17O and 18O are not represented in the Dray models but from the MM94 modelsit is 
lear they approximately follow 16O su
h that

XO17 = 6× 10−4XO16 (127)and

XO18 = 2× 10−3XO18 . (128)The 
ontribution to the total yield of 17O from massive stars is small 
ompared to thatfrom AGB stars.Be
ause the CNO 
y
le is a
tive in high-mass stars it is expe
ted that the NeNa and MgAl
y
les are also but modelling su
h nu
leosynthesis is beyond the s
ope of this dissertation.As the 
ore of the star approa
hes the surfa
e the abundan
e of CNO elements other than
12C and 16O, whi
h are present be
ause of helium burning, drops as the surfa
e hydrogenabundan
e drops. Any 13C, 17O or 18O present is 
onverted �rst to 14N and then all theCNO isotopes ex
ept 12C and 16O are 
onverted to 22Ne by double-alpha 
apture on 14N.For 0 < M −M
 < 0.5 this is approximated by

∆22Ne = 22

(

∆13C

13
+

∆14N

14
+

∆17O

17
+

∆18O

18

)

, (129)
XC13 = (M −M
)XC13

2.5
, (130)

XN14 = (M −M
)XN14

2.5
(131)and

XO17 = XO18 = 0 . (132)80

6.4 Con
lusions6.4 Con
lusionsIt is immediately obvious from table 18 that some slow parameters are important for
al
ulation of 
hemi
al yields.In single stars 12C is sensitive to all the slow parameters ex
ept ξC13. 14N is sensitive onlyto Z while 15N yields are also sensitive to massive star mass-loss rates. The WR mass-lossrate also a�e
ts the 16O yield, whi
h is otherwise robust. For all the free parameters ex
ept

fWR the 44Ca yields are very small 
ompared to the binary population. 56Fe and 65Cu areonly really sensitive to Z. Barium is sensitive to all parameters ex
ept fWR but mostly to

ξC13 and Z.For binary populations the trend is for the same dependen
y as with single stars, althoughthe magnitude of the variation tends to drop at the expense of more free parameters. Forexample, TfWR12C = 0.237 for single stars but only 0.104 for binary stars. However, inbinaries, there is the un
ertain αCE for whi
h TαCE12C = 0.111 so the total un
ertainty inthe yield is about the same.Some parameters are irrelevant for 
al
ulation of yields: fEDD and σSN. The s-pro
essfa
tor ξC13 a�e
ts only the s-pro
ess yields. ∆M
,min a�e
ts only 22Ne in a serious way.

λmin only a�e
ts 12C, 22Ne and Ba be
ause these are isotopes involved in third dredge-up.Again the magnitude of the λmin dependen
e is smaller in binary stars.
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Table 18: Taylor series 
oe�
ients Tij � see text for details, espe
ially eq. 202. The format
x(y) represents x× 10y.176

3.4 Helium StarsWhen M
 = M the star be
omes a helium star.3.4 Helium StarsThe SSE 
ode de�nes the helium star phase as that when M
 = M where M
 is the helium
ore mass. The Dray models show that the surfa
e hydrogen is zero by this stage and sois easily �tted! Helium 
onstitutes a fra
tion 1 − Zt of the surfa
e abundan
e when the
ore rea
hes the surfa
e however mass loss 
auses the surfa
e to eat into the still burninghelium 
ore. The produ
ts of helium burning � mainly 12C and 16O � are seen at thesurfa
e. It proves to be extremely di�
ult to �t the pro�le of 12C and 16O in the interiorof the star, and hen
e the surfa
e evolution as mass is stripped. This is be
ause there is a
ompli
ated interplay between the nu
lear burning so the pro�le 
hanges as a fun
tion oftime, 
onve
tive mixing of this pro�le and the de
reasing mass and so de
reasing rate ofnu
lear burning and exposure of deeper layers. The problem be
omes even worse when bothmass-loss rates are 
onsidered, then worse again when Z is varied, leading to a nightmares
enario. As Dray & Tout (2003) point out at the lowest metalli
ities two stars of almostidenti
al mass follow a 
onsiderably di�erent evolutionary path and end their evolutionwith di�erent 12C and 16O at the surfa
e. For this reason, and la
k of brainpower of theauthor, a simple approa
h is used here. The HeMS times
ale is used to �t the surfa
ehelium abundan
e then 12C and 16O are �tted to XHe4. The terminal abundan
es, justprior to model breakdown are XHe4 = 0.25, XC12 = 0.45 and XO16 = 0.3.The surfa
e helium abundan
e is parameterized by

γHe = max

[

0,min

(

tHeMS

τHeMS , 1)] (133)where tHeMS is the time spent on the helium main sequen
e and τHeMS is the helium mainsequen
e lifetime su
h that

XHe4 = max(0.25, 1− ZHe − 0.7γHe) (134)where ZHe is the surfa
e metalli
ity at the start of the helium star phase before any 4He isburned to 12C or 16O. Carbon and oxygen are �tted to

XC12 = min [0.45, (0.99273−XHe4)/1.2811] (135)and

XO16 = 1− ZHe −XHe4 −XC12 . (136)All other CNO isotopes are assumed to be 
onverted to 22Ne. 20Ne and 24Mg do not 
hangeat the surfa
e3 although may in the interior (see se
tion 3.7).3The 20Ne whi
h 
hanges in the Dray models is really 22Ne, 
on�rmed by the MM94 models. 81



3 High-Mass Stars3.5 Syntheti
 vs Full EvolutionFigures 38, 39 and 40 show abundan
e vs instantaneous mass tra
ks for the syntheti
models vs the Dray models for a sele
tion of Z = 0.02 models as well as the MM94 models.The �t for 1H is ex
ellent while 4He is ex
ellent until the star be
omes a helium star. TheMM94 models show the same qualitative behaviour.The rise in 12C and 16O during the helium star phase is 
lear. The mass at whi
h thestar be
omes a helium star di�ers from full to syntheti
 model by a few solar masses at

Mi = 60 M⊙ and the 86 M⊙ MM syntheti
 model has no helium star phase at all (althoughthe NL syntheti
 model does). The MM94 13C evolution is 
ompli
ated and the initialabundan
e must be doubled in order to obtain a good �t. The reason for this is un
lear �if pre-MS evolution is responsible for the 13C abundan
e then the surfa
e 12C should be low,although it too is higher, whi
h suggests MM94 used di�erent initial surfa
e abundan
esto Dray et al. (2003). Surfa
e nitrogen is ex
ellently �tted by the syntheti
 model. Theapproximate treatments for 17O and 18O are reasonable as far as they go, however theMM94 models show a peak in surfa
e 18O at the start of He-burning, the reason for thisis un
lear but is possibly owing to α-
apture on 14N. As expe
ted surfa
e 20Ne doesnot 
hange, the slight blip in the syntheti
 models is due to a normalization error � themagnitude of the error is 3% at most. This justi�es the 
onsideration of the Dray models'neon as 22Ne, the syntheti
 �t for whi
h is also good. Magnesium shows no 
hange.Di�eren
es between the syntheti
 and full evolution models are due to a number of e�e
ts.First, at low mass (Mi . 24M⊙ for Z = 0.02, NL mass loss) the syntheti
 models' main-sequen
e lifetime is longer � for NL mass loss by about 1Myr forMi = 20 M⊙, 0.25Myr forMM mass loss � the pre
ise reason for this is unknown. Overshooting lengthens the mainsequen
e lifetime but both the Dray models and the full models used to make the SSE 
odeemploy similar overshooting and both use the Eggleton 
ode to 
al
ulate the times
ales.The SSE models were made without mass loss so this is a potential reason. Helium starlifetimes are similar for all models.Se
ond, while the lifetimes di�er by only 1Myr, the �nal mass and evolutionary state issensitive to this di�eren
e. For an initially 20 M⊙ star the pre-supernova mass is 14 M⊙ and
16.5 M⊙ for MM and NL Dray models while for the SSE model 5 M⊙ and 9 M⊙. Fiddlingthe SSE times
ales to mat
h the Dray models is possible, although probably not justi�edgiven that 
hanging the mass-loss rate has the same e�e
t. For example, redu
tion of MStimes
ale by a fa
tor of 0.91 �ts the Dray and syntheti
 MM models well, both explodingwith a pre-SN mass of 14 M⊙. The same e�e
t is a
hieved by a fa
tor 3 redu
tion in themass-loss rate. The net e�e
t is that the syntheti
 models explode at a lower mass afterbe
oming an EAGB star. The resulting wind yields (see below) are higher for these stars.On
e SN yields are in
luded the di�eren
e between the syntheti
 and full models is lessenedbe
ause the SN eje
ts the envelope in mu
h the same way as wind loss. The hydrogen-ri
henvelope is eje
ted either way and there is little di�eren
e total yield.High-mass stars at high metalli
ity also su�er from di�eren
es in mass-loss rates. Themost massive stars lose so mu
h mass on the MS that they form a WD instead of followingthe standard helium star to supernova evolutionary path. As an example, the syntheti
82

6.3 Taylor Series Coe�
ients6.3 Taylor Series Coe�
ientsThe 
al
ulated Tij are listed in table 18. The leftmost 
olumn shows the isotope 
orre-sponding to ea
h row, the se
ond 
olumn is the default yield of the isotope relative tomass input to stars, the remaining 
olumns are the Tij . The �rst row of the table lists thefree parameters, the se
ond row the default parameters and the third row the range ∆xi.
Tij with a higher magnitude are the important parameters that vary greatly with theirvariable xi � those with magnitude greater than 0.1 are marked in red.The value for Z is approximate owing to the non-linear behaviour of most yields with Z(e.g. TZ Ba ≈ 0) � in these 
ases a higher order �t is required.
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3.6 Wind Enri
hmentMM, Z = 0.02 stars explode to leave a 1.34 M⊙ NS for Mi = 81 M⊙ but form a 0.9 M⊙COWD for Mi = 82 M⊙ be
ause their 
ores are not massive enough to explode during thehelium-star phase and mass loss on the HeGB exposes the CO 
ore. For Mi = 83 M⊙ a
0.3 M⊙ HeWD is formed as the 
ore is exposed on the HeMS while for stars with Mi ≥
84 M⊙ there is no helium star phase, instead they lose almost all their mass to form
≤ 0.1 M⊙ HeWDs. This behaviour is not seen in the Dray models at Z = 0.02 but isat Z = 0.03. The use of the NL wind also prevents su
h behaviour. Whether it trulyo

urs is un
lear although it is di�
ult to be overly worried � the IMF renders su
h starsextremely rare, at least at Z & 0.02. The 
ause of the behaviour in the syntheti
 modelsis the underestimate of the luminosity (e.g. see �g. 40) whi
h leads to an underestimate ofthe 
ore mass.Another useful 
he
k on the syntheti
 models is the lifetime in a parti
ular WR phase,as shown in table 8. The full and syntheti
 models are in general agreement, at least towithin a fa
tor of a few, but there are some irre
on
ilable problems. The syntheti
 MMmodels evolve to WR stars atMi = 20 M⊙, this is due to the MS lifetime and 
orrespondingmass-loss di�eren
es dis
ussed above. At M = 80 M⊙ the NL WNL lifetime presents themost problems however again this is disfavoured by the IMF and the M = 40 M⊙ modelsagree well. Indeed for M ≤ 40 M⊙ only the WNE phase is signi�
antly di�erent. This isthe most di�
ult to model be
ause it depends on the CHeB times
ale, whi
h depends onthe mass at the end of the main sequen
e whi
h in turn is sensitive to the mass-loss rate.The e�e
t on 
hemi
al yields, however, is expe
ted to be small. The WR type vs massplot (�gure 40) shows that the amount of mass lost while the star is nitrogen ri
h is aboutthe same for the detailed and syntheti
 models, so the enri
hment is similar. The use of aredu
ed mass-loss rate, by a fa
tor 0.4 (see se
tion 3.6), leads to better agreement for theMM stars up to 30 M⊙ although 
annot be justi�ed on lifetime grounds alone for the NLmodels.3.6 Wind Enri
hmentWind enri
hment by the syntheti
 and full evolutionary models is 
ompared in �gure 41.The syntheti
 models do an ex
ellent job of reprodu
ing the hydrogen, helium and nitrogenyields. There are di�eren
es at low mass, again owing to MS times
ale di�eren
es, andaround 25 M⊙ due to breathing pulses in the Dray models. The e�e
t of these breathingpulses is small and over a narrow mass range so is ignored and indeed may only be anumeri
al artifa
t.The qualitative behaviour of the syntheti
 and full models for 12C and 16O is similar,with the high-mass drop o� evident for MM rates, however the syntheti
 model does a poorjob of reprodu
ing the yields above 30 M⊙ for the MM mass-loss rates. This is be
ause ofthe longer CHeB lifetime of the syntheti
 models whi
h leads to HeMS entry at a lowermass than in the full evolutionary models and a shorter HeMS lifetime. This in turn leadsto lower helium-burning produ
t yields by up to a fa
tor of 1.8 (a di�eren
e of 2 M⊙) at83
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Figure 38: Comparison of surfa
e isotopi
 abundan
es (XH1, XHe4, XC12, XC13 and XN14) vs mass for
Z = 0.02 and M ≈ 15 , 40 , 60 and 86 M⊙ (85 M⊙ for MM94) models. The number in the toppanel gives the Dray/syntheti
 model mass, the nearest available MM94 model is used. Redand green are the Dray models with the MM and NL mass loss rates, blue and magenta arethe 
orresponding syntheti
 models, 
yan are the MM94 models.84
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Figure 75: Yield relative to mass input y vs the enhan
ed binary wind loss fa
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6 Stellar Yields: Slow Parameters6.2.13 Binary-Enhan
ed Wind LossFigure 75 shows the e�e
t of varying the enhan
ed binary wind loss fa
tor B between 0and 104. The e�e
t is to in
rease the yield of most isotopes at the expense of hydrogenwhen there is no extra wind loss. This is to be expe
ted as the stars with lower B are moremassive. The di�eren
e between B = 0 and B = 104 is up to 40% for 44Ca although mostother isotopes vary by only 10-20%.
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Figure 39: As �gure 38 for XO16, XO17, XO18, XNe20 and XNe22. The Dray models do notseparate 20Ne and 22Ne so all their neon is assumed to be 22Ne. 85
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Figure 40: As �gure 38 for XMg24, the stellar type (de�ned only for the syntheti
 models),the WR type, luminosity and e�e
tive temperature vs mass.86
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Figure 74: Yield relative to mass input y vs σSN. 171



6 Stellar Yields: Slow Parameters6.2.12 SN-Ki
k Velo
ity DispersionThe supernova-ki
k velo
ity dispersion 
ould be important be
ause a low ki
k dispersionleads to more binaries surviving a SN. This would lead to more mergers with NSs or BHsand a redu
ed yield. This e�e
t is shown in �g. 74 � the yield of everything drops as

σSN → 0 (ex
ept hydrogen, whi
h rises slightly).
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3.6 Wind Enri
hment

Wind Loss Initial Mass /M⊙ tpre-WR/yr tWNL/yr tWNE/yr tWC/yr tWO/yrMM 10 2.6× 107 0 0 0 0MM×0.4 2.6× 107 0 0 0 0MM Dray 2.5× 107 0 0 0 0NL 10 2.6× 107 0 0 0 0NL×0.4 2.6× 107 0 0 0 0NL 2.5× 107 0 0 0 0MM 20 9.3× 106 0 4.7× 104 1.1× 105 1.6× 105MM×0.4 9.3× 106 0 0 0 0MM Dray 9.5× 106 0 0 0 0NL 20 9.4× 106 0 0 0 0NL×0.4 9.3× 106 0 0 0 0NL Dray 8.6× 106 0 0 0 0MM 30 6× 106 2.4× 104 1.0× 105 2.2× 105 2.4× 105MM×0.4 6.1× 106 6.1× 104 3.7× 104 4.7× 104 5.6× 104

5.9× 106 2.1× 104 8.9× 103 2.5× 105 1.9× 105NL 30 6× 106 1.1× 105 4.0× 104 6.1× 104 7.6× 104NL×0.4 6.2× 106 0 0 0 0
6× 106 1× 105 1.3× 104 9.3× 104 2.9× 104MM 40 4.9× 106 3.2× 104 1.0× 105 2.5× 105 2.2× 105

4.5× 106 3.3× 104 4.3× 104 3.2× 105 1.9× 105NL 40 4.8× 106 9.9× 104 4.1× 104 1.3× 105 1× 105

4.5× 106 9.0× 104 5.2× 104 1.5× 105 1.5× 105MM 60 4× 106 1.4× 105 9.4× 104 1.9× 105 1.7× 105

3.5× 106 4.5× 104 3.1× 104 1.9× 105 2.3× 105NL 60 3.9× 106 1.8× 105 6.8× 104 1.0× 105 6.7× 104

3.5× 106 4.3× 104 4.1× 104 1.7× 105 1.5× 105MM 80 3.4× 106 3.8× 105 4.5× 105 2.9× 105 2.7× 105

2.7× 106 3.9× 105 5.1× 104 2.9× 105 2.1× 105NL 80 3.5× 106 1.8× 105 5.3× 104 1.1× 105 6.4× 104

3× 106 3.3× 104 3× 103 1.9× 105 1.3× 105Table 8: Single star WR phase lifetimes (Z = 0.02) for various initial masses. Bla
k text(above) is the syntheti
 model, red text (below) is from the Dray models. Theblue text is a redu
ed mass-loss rate syntheti
 model.
87



3 High-Mass Stars

M ≈ 70 M⊙. An arti�
ial in
rease in the HeMS lifetime by a fa
tor of 3 (or 
orrespondingde
rease in Ṁ) �ts the MM yields but raises the NL yields so they are dis
repant.However, this problem be
omes small when the IMF is folded into the yields. Far moreimportant is the over-produ
tion by wind loss for stars with mass below 25 M⊙. Figure 42(right panels) shows the problem 
learly as an over-produ
tion of everything at low mass.Applying a fa
tor 0.4 redu
tion (MM and NL) to Ṁ for M ≤ 25 M⊙ enables far better�tting of all the isotopes. On
e the Ṁ 
orre
tion is applied the problem with C and O above

30 M⊙ again dominates, but is a minor e�e
t on the integrated yield, as are the breathingpulses. It is perhaps also fortunate that C and O yields are dominated by supernovae, sothe errors on the wind loss be
ome irrelevant.3.7 Core Collapse SupernovaeThe usual fate of massive single stars is to die in a supernova explosion. As nu
lear fuel runsout the 
ore be
omes more and more degenerate. Eventually it rea
hes the Chandrasekharmass and 
ollapses. Neutrinos from ele
tron 
apture rea
tions on protons are thought toyield the energy required, up to 1053 ergs, to power the eje
ta. The remaining matter formseither a neutron star or bla
k hole. The abundan
e of the eje
ted material is impossible topredi
t with a syntheti
 model so a set of previously 
al
ulated yields must be used. Themost 
omplete set to date is that of Woosley & Weaver (1995, hereafter WW95) whi
h
overs a mass range 10 ≤Mi/M⊙ ≤ 40 , metalli
ity range 0 ≤ Z ≤ 0.02 (the A models) andisotopes less massive than 71Ge. Only the Z = 0.02, 0.002 and 2×10−4 models are used for�tting (the others lie outside the SSE metalli
ity range). The mass range 
orresponds to a�nal CO 
ore mass range of 2 ≤ MCO/M⊙ ≤ 15. The WW95 models are evolved withoutmass loss so there is some degree of faith required to link CO 
ores of the same massbetween the WW95 models and the SSE 
ode, although it is 
urrently not possible to doany better. There is also the question of remnant mass (see se
tion 3.8) whi
h determinesthe amount of mass eje
ted and is also subje
t to mu
h un
ertainty.For ea
h WW95 star the yields quoted represent everything outside the remnant, in
lud-ing the hydrogen-ri
h envelope. The method of Portinari, Chiosi & Bressan (1998) is usedto remove the envelope and obtain the enri
hment from the CO 
ore alone (see appendixA3). The enri
hment from the CO 
ore is 
onverted to a mass fra
tion in the eje
ta Xej,CO
jwhi
h is then �tted to MCO and Z. The �nal supernova yields are given by

Xej

j =
Xej,CO

j ×max
(

0,MCO −MNS/BH)+X ′
j ×

(

Mpre-SN −max
[

MNS/BH,MCO])
Mpre-SN −MNS/BH ,(137)where the �rst term results from matter eje
ted from the CO 
ore and the se
ond termis due to the eje
ted envelope, Mpre-SN is the mass of the star just prior to the SN and

MNS/BH is the remnant mass. If MNS/BH is greater than the CO 
ore mass then the �rstterm is zero and only the envelope 
ontributes. The abundan
e X ′
j is set to the envelope88
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6 Stellar Yields: Slow Parameters6.2.11 Eddington LimitFigure 73 shows that the only noti
eable e�e
t of imposing the Eddington limit on 
hemi
alyields is on the 56Fe yield and even that is negligible 
ompared to the variation of otherslow parameters.
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3.7 Core Collapse Supernovae
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6 Stellar Yields: Slow Parameters6.2.10 Common-Envelope Parameter αCEThe e�e
t of varying the 
ommon-envelope parameter αCE on the yields is shown in �g. 72.An in
rease in αCE means the 
ommon envelope is eje
ted more easily. One possible post-
ommon-envelope obje
t is a new TPAGB star whi
h forms if the 
ores merge to form anew CO 
ore and the envelope is not lost. An in
rease in αCE leads to a slight de
reasein yields of 14N and barium, although yields of 12C rise be
ause this is less likely to bepro
essed to 14N. A low value of αCE is also more likely to lead to a massive star remnantand 
orrespondingly the 65Cu yield in
reases owing to an in
rease in the SNII/SNIb/
ratio. Quite surprisingly, for αCE & 1.0 the SNIa yields are quite 
onstant. At α ≈ 0.5 theSNIa yields are halved.
166

3.8 SN Remnants and Their Massesabundan
e Xj for hydrogen stars. The star is a post-MS star so the envelope is probably
onve
tively mixed or is mixed shortly before the SN. The surfa
e abundan
e is a goodapproximation to the envelope abundan
e. If the star is a helium star a 
orre
tion mustbe applied be
ause the envelope is heterogeneous. A

ording to the only available Draymodel (56 M⊙, Z = 0.02) shown in �gure 43 (Dray, private 
ommuni
ation), between thesurfa
e (at 7.2 M⊙) and 1.5 M⊙ outside the CO 
ore (at 6.2 M⊙) the 4He,12C, 16O and 20Nemass fra
tions 
hange approximately linearly (magenta region). Inside MCO + 1.5 M⊙ the
ore is homogeneous (red region) with mass fra
tions XhomCO given by 4He = 0.06, 12C = 0.3,

16O = 0.6 and 20Ne = 0.03. The other mass and metalli
ity models behave similarly (Dray,private 
ommuni
ation) although a proper �t would require details of all the models andis beyond the s
ope of this work. The envelope abundan
es are then given by averagedvalues

X ′
j =

δM

2
(Xj +XhomCO ) + (Menv − δM)XhomCO , (138)where δM = max(0,Menv−1.5 M⊙). The abundan
e 
hanges near the 
entre of the star arewithin the remnant so do not require su
h treatment. The NS/BH remnant mass dependson pres
ription (see below) and it is assumed that there is no dependen
e of Xej

j on thismass. The �ts for Xej,CO
j to the models of WW95 are in appendix B8.The di�eren
e between SN and wind yields for the SSE standard mass-loss rates andSSE BH pres
ription are shown in �gure 44. Any worries over di�eren
es between theDray C/O yields and the syntheti
 C/O yields are unfounded be
ause the C/O yieldsare dominated by SNe over most of the mass range. The break in 12C yields at 25 M⊙
orresponds to the formation of helium stars (i.e. WR stars), below this mass the starexplodes as an EAGB star shortly after the end of 
ore helium burning. All hydrogen,helium and nitrogen 
ontributions to supernovae are due to removal of the EAGB star
onve
tive envelope, hen
e the justi�
ation of the homogeneous envelope assumption.Note that 
ore 
ollapse SN yields for r-pro
ess isotopes are not in
luded be
ause no yieldsets have been published.3.8 SN Remnants and Their MassesThe SSE model de�nes the remnant neutron star or bla
k hole baryoni
 mass as a linearfun
tion of the 
ore mass

MNS/ BH = 1.17 + 0.09MCO (139)with BH formation for MCO > 7 M⊙. This gives a minimum BH baryoni
 mass, and
orresponding maximum NS baryoni
 mass, of 1.8 M⊙ and a BH baryoni
 mass of 3 M⊙for a 20 M⊙ CO 
ore. Observations of BHs in X-ray binaries (Orosz, 2003) suggest farhigher masses, perhaps up to 18 M⊙, although it is un
lear whether these bla
k holesare due to binary a

retion or a high mass at birth. Using high-mass remnants Fryer &91



3 High-Mass Stars
Figure 43: Abundan
e pro�le just prior to SN in the Dray 56 M⊙, Z = 0.02 model. Theblue region shows the mass in the CO 
ore, the red region the homogeneousenvelope and the magenta region the heterogeneous envelope. The solid line is

4He, dashes 12C, dots 16O and dot-dash 20Ne.
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Figure 71: Yield relative to mass input y vs e

entri
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6 Stellar Yields: Slow Parameters6.2.9 E

entri
ityThe remaining free parameters relate only to binary star pro
esses.The e

entri
ity is set to zero in se
tion 5.2 for two reasons. The �rst is to redu
ethe dimension of the parameter spa
e by one and therefore in
rease the speed of a gridrun by a fa
tor of 100. The se
ond is be
ause intera
ting binary systems are thought to
ir
ularize their orbits during mass transfer. Figure 71 shows the e�e
t of varying theinitial e

entri
ity of the entire population. In a real population of stars the e

entri
itywould be distributed in some way but the yields do not vary enough with e to warrantintrodu
tion of su
h a distribution and the fa
tor of 100 in the grid runtime.A value e = 1 is 
learly unrealisti
, these are like single stars. Most yields vary by lessthan 10% for e < 0.8. The 
opper yield in
reases at e = 0.8 owing to an in
rease in theSNII/SNIb/
 ratio, probably resulting from mergers of systems at periastron whi
h wouldnot merge if e = 0. The barium yield is in
reased a small amount by a 
ombination ofnon-
onservative RLOF in low-mass stars.
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3.8 SN Remnants and Their Masses
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zynski et al. (2002)NS/BH pres
ription.Kalogera (2001) 
laim to reprodu
e the then available BH binary mass distribution. TheBH mass pres
ription of Bel
zynski, Kalogera & Bulik (2002) is added to the SSE 
ode(see appendix B9) to provide an option for high-mass single star BHs. Figure 45 showsthe remnant masses for the SSE or Bel
zynski et al. BH mass pres
ription for the SSE,MM or NL mass-loss rates at Z = 0.02. The mass-loss pres
ription has some e�e
t on theremnant mass but in order to obtain any remnants more massive than 3 M⊙ in single starsthe Bel
zynski et al. formula must be used. Note that for M
 ≥ 7 M⊙ a

ording to theBel
zynski et al. pres
ription the entire stellar mass is swallowed into a BH, 
orrespondingto an upper initial mass for SN of 70 M⊙ for the SSE wind pres
ription, 85 M⊙ for MM and
45 M⊙ for NL.For nu
leosynthesis the surfa
e of a NS or BH is 
onsidered to be made up entirely ofneutrons

Xn = 1 (140)although this is mainly to balan
e the a

ounts � the matter 
annot es
ape (in this modelNS-NS mergers are assumed to yield nothing) so 
annot 
ontribute to stellar yields.
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4 Binary StarsThe nu
leosynthesis pres
riptions des
ribed in the previous 
hapters are now applied tobinary stars. The BSE algorithm already deals with the dynami
s of binary evolution,in
luding orbital motion, tidal intera
tion, wind loss and a

retion, 
ommon envelopes,mergers, novae and type Ia supernovae. It remains to again link these me
hanisms with asyntheti
 nu
leosynthesis model whi
h runs in parallel with BSE. This proves to be �more
ompli
ated than I thought� (Tout, private 
ommuni
ation), whi
h is something of an un-derstatement! Wind a

retion, by the Bondi-Hoyle me
hanism, is 
ompli
ated by 
ollidingwinds and the question arises: what is the abundan
e of the a

reting material? Tidalintera
tion is ignored as far as nu
leosynthesis is 
on
erned ex
ept for Ro
he lobe over�owwhi
h may pollute a se
ondary or 
ause an explosion. Common envelopes are dealt within a simple way by 
ompletely mixing the stellar envelopes on the assumption they areuniform � su
h stars are usually 
onve
tive so this is not a bad assumption. Mergers aresimilarly modelled by 
omplete mixing. Nova and type Ia supernova yields are �tted todetailed explosion models. A nu
leosynthesis-spe
i�
 problem is that of thermohaline mix-ing where a material from an evolved star a

retes on to an unevolved star. Does it sinkor does it swim? An approximate, but fast, treatment is presented. Other less importantbinary-spe
i�
 e�e
ts are also 
onsidered su
h as binary-enhan
ed wind loss. Finally a fewexample systems are presented.4.1 Wind A

retionAs in Hurley et al. (2002) wind a

retion is assumed to be by a Bondi-Hoyle me
hanism(Bondi & Hoyle, 1944) averaged over a binary period (be
ause wind loss typi
ally o

ursfor many orbits) whi
h leads to an a

retion rate on star 2 from star 1 of

〈

Ṁ2A〉 = min

(

0.8
∣

∣

∣
Ṁ1W∣∣∣ , −1√

1− e2

[

GM2

v21W ]2
αB-H

2a2

1

(1 + v2)3/2
Ṁ1W) (141)where αB-H is the a

retion e�
ien
y (typi
ally αB-H = 3/2), a is the semi-major axis ofthe orbit,

v2 =
v2orb

v21W , (142)where the (RMS) binary orbital velo
ity is given by 95
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vorb =
√

〈v2orb〉 =

√

G(M1 +M2)
a

(143)and the wind velo
ity v1W is assumed to be proportional to the es
ape velo
ity from thedonor star

v1W = 2β

√

GM1

R1
, (144)where β = 0.125 is the default BSE value. The limitation to 0.8Ṁ1W is to ensure more massis not a

reted by star 2 than is lost by star 1.If both stars have stellar winds then the original BSE model ignores any intera
tionbetween the two winds and eq. (141) is used for ea
h star separately. Be
ause, for nu
le-osynthesis, the 
omposition of the a

reted matter must be followed this approximation isno longer appli
able.Consider the fate of one star, here 
alled the a

retor, although it both gains and losesmass. In one timestep δt it loses mass

δMr = ṀWδt (145)where ṀW is its mass-loss rate and gains mass δMt from the donor (its 
ompanion star)

δMt = ṀAδt (146)where the a

retion rate ṀA is 
al
ulated with eq. (141). The mass lost has the abundan
eof the surfa
e of the a

reting starXj,a

retor while the mass gained has the abundan
e of thedonor surfa
e Xj,donor. With the assumption that the winds do not intera
t the situationis as in �gure 46 and it is obvious that all the a

reted material has the abundan
e of thedonor.Now 
onsider that the winds mix su
h that a fra
tion fmix of the a

reted material,originally from the donor, mixes with the a

retor's own wind. Su
h mixing 
ould bedue to a number of physi
al instabilities, e.g. Kelvin-Helmholtz or turbulen
e, or perhapssho
ks forming between the winds leading to dire
t exposure of the donor to its own windmaterial. The situation is shown in �gure 47. There is no mixing of previously expelledwind whi
h might be in the spa
e surrounding the binary system, su
h material is assumedto be lost to the ISM forever.The abundan
e Xj,gain of spe
ies j in the material gained by the a

retor is given by
δmtXj,gain = δmtXj,donor − δmtfmixXj,donor + δmtfmixXj,a

retor (147)i.e.

Xj,gain = (1− fmix)Xj,donor + fmixXj,a

retor . (148)Conservation of mass leads to an expression for the abundan
e of the mass lost Xj,lost96
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6 Stellar Yields: Slow Parameters6.2.8 Dredge-up ParametersThe two free parameters introdu
ed to solve the problem of the over-luminous 
arbonstars 
an also be 
onsidered as free parameters given the 
urrent fragile 
onstraint on theirvalues. They are only 
alibrated for the SMC and LMC.De
reasing ∆M
,min leads to more and earlier dredge-up in lower-mass stars than pre-di
ted by 
alibration to the Monash models. Consequently more helium is brought to thesurfa
e at the expense of hydrogen and the yields of helium burning produ
ts, 12C, 22Neand Ba from the s-pro
ess po
ket, in
rease. The e�e
t of ∆M
,min on the yields is alwayssmaller than the e�e
t of dupli
ity.Provided λmin ≤ 0.8 the e�e
t on stellar yields is less than about 10% (�g. 70), 
ertainlyless than the e�e
t of dupli
ity. If λmin = 1.0 the yields from intershell isotopes arealmost doubled � 
ertainly 
omparable to dupli
ity e�e
ts although 
urrently ruled out byLMC/SMC observations.
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4.1 Wind A

retion

jj

δmr
δmt

X
,accretor

X
,donor

Figure 46: A

retion without intera
ting winds. Blue represents material from the donorstar (not shown) of abundan
e Xj,donor, red is material from the a

reting starof abundan
e Xj,a

retor.
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δmt

δmt
)

δmt

tδm

fδmr
−

(1−f
mix

mix

f

f

mix

mix

Figure 47: As Fig. 46 with intera
ting winds. A fra
tion fmix of the donor's material (blue)mixes with the wind (red) prior to a

retion.
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6 Stellar Yields: Slow Parameters6.2.7 BH Mass Pres
riptionFigure 68 shows the variation in yields with BH mass pres
ription. The H02 pres
riptionleads to lower-mass bla
k holes than the Bel
zynski pres
ription. This means that morematter es
apes to the ISM and the 
orresponding yield is higher. The true BH mass thatresults from a given stellar progenitor remains a hotly debated topi
 within the IoA stellarevolution group! The di�eren
e between single and binary yields for a given isotope isapproximately 
onstant. This suggests the BH pres
ription has most of its nu
leosyntheti
e�e
t by its in�uen
e on the mass eje
ted from the supernova explosion (eq. 137) ratherthan on the subsequent evolution of the binary system after the supernova. This may alsobe be
ause it is unlikely that a system survives a supernova so it is unlikely the se
ondaryintera
ts with the BH.
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4.1 Wind A

retion
δmrXj,lost = δmrXj,a

retor − δmtfmixXj,a

retor + δmtfmixXj,donor (149)i.e.

Xj,lost = Xj,a

retor (1− fmix δmt
δmr)+ fmix δmt

δmrXj,donor . (150)There are two limiting 
ases. First the 
ase of no a

retion su
h that δmt = 0 and δmr 6= 0.From eq. (150) Xj,lost = Xj,a

retor, as expe
ted be
ause all material lost 
omes from thea

retor's surfa
e, and Xj,gain is unde�ned but this does not matter be
ause no mass isa

reted. The se
ond limit is no wind loss su
h that δmt 6= 0 and δmr = 0. Eq. (150)diverges but again this does not matter be
ause no mass is lost, fmix = 0 be
ause there isnothing to mix into so Xj,gain = Xj,donor as expe
ted.It remains to determine fmix. It 
annot be negative or greater than one be
ause negativemass has not been dis
overed and it is impossible to mix more mass than is a
tually thereso 0 ≤ fmix ≤ 1. RLOF and/or a

retion without an opposing wind leads to fmix = 0so this is de�nitely possible. When the a

reting star's own wind is strong the in
omingmaterial is sho
ked and never rea
hes the a

reting star so fmix = 1 (see �g. 48). However,if the a

retor's wind is weak fmix has an upper limit of fmixδmt ≤ δmr be
ause thereis a maximum mass δmr to mix into. As �g. 49 shows this leads to the a

retion of thea

retor's own wind and some of the donor material, while the material expelled to theISM 
omes dire
tly from the donor.It follows that the limits on fmix are

0 ≤ fmix ≤ min

(

1,
δmr

δmt) . (151)Still fmix remains unknown but it is possible to model the 
ollision of the two winds usinga momentum �ux argument similar to that of Huang & Weigert (1982). The momentum�ux at a distan
e r from ea
h star is

J =
Ṁvw

4πr2

(152)where vw is the velo
ity of the wind and Ṁ the mass-loss rate. The momentum �ux ofboth stars is equal at the point where they intera
t and sho
k

J1 = J2 (153)su
h that (�g. 50)

r1 = r2

√

Ṁ1v1

Ṁ2v2

= r2fv (154)99
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mδ t

mδ t
mδ r mδ t−

Figure 48: As Fig. 47 with a strong wind and fmix = 1. Mass δmt from the donor (blue)is pushed ba
k into spa
e by the a

reting star's strong wind. The a

retingstar still a

retes δmt but of its own matter so the surfa
e abundan
e remainsun
hanged. The dashed line shows the sho
k position, not to s
ale!
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Figure 67: Yield relative to mass input y vs s-pro
ess po
ket e�
ien
y. 157



6 Stellar Yields: Slow Parameters6.2.6 S-pro
ess Po
ket E�
ien
yThe amount of 13C present in the intershell region of TPAGB stars is poorly 
onstrainedand at present is treated as a free parameter. It should not, and as shown in �g. 67, doesnot a�e
t any isotopes ex
ept Ba apart from negligible numeri
al errors. For ξ . 0.8 thebarium yield is 
onstant � this is indi
ative of negligible produ
tion in the intershell, allyield is due to material present at the birth of the star. For ξ & 1.0 there is some Baprodu
tion, mainly in single stars be
ause the binaries are more likely to have their AGBphases trun
ated. Barium produ
tion is a strong fun
tion of metalli
ity and a 
ompletedes
ription of its yields requires analysis of the ξ−Z plane (beyond the s
ope of this work).The e�e
t of dupli
ity is to redu
e the yield by about 40% for ξ & 1.0.
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4.1 Wind A

retion

−
mδ t

mδ rmδ r

mδ r

Figure 49: As Fig. 48 with a weak wind and fmix ≤ δmr/δmt. The a

reting star a

retesa mixture of material from itself and the donor star. Mass δmr is still lost tothe ISM but it is all from the donor.
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1 2

r
1

r2Figure 50: Geometry of the simple intera
ting wind model. The stronger wind from star 1sho
ks with that of star 2 at a distan
e r1 from star 1 (or r2 from star 2).
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4.2 Thermohaline Mixing and the A

retion Pro
esswhere the Ṁv terms are fa
tored into fv. The stars are a distan
e a apart (the orbit isassumed 
ir
ular) so r1 + r2 = a whi
h gives
r1/a =

fv
1 + fv

(155)and

r2/a =
1

1 + fv

(156)so r1 and r2 are solved in terms of the known variables a, Ṁ and v. For ea
h star ri is
ompared to the stellar radius Ri. If ri > Ri the sho
k is outside the star and none of thedonor material makes it to the surfa
e - this is the 
ase fmix = 1. If ri ≤ Ri the sho
k isinside, or rather on the surfa
e of, the star and all the a

reted material is from the donor,hen
e fmix = 0. In reality there is likely to be a smooth 
ontinuum between 0 and 1 butquite how fmix varies is unknown and depends on details of hydrodynami
s around the star� approximations used here, su
h as spheri
al symmetry, are likely to be invalid.The above treatment is appli
able to fast winds, su
h as OB/WR stars, when the binarymotion is negligible. In other 
ases su
h as giant bran
h winds, whi
h are slow, or symbi-oti
 stars the situation is 
ompli
ated by turbulent instabilities (Walder & Folini, 2000).Hydrodynami
al simulations have been performed (e.g. the series of papers by Ru�ert,1994; Foglizzo & Ru�ert, 1999) but only for spe
i�
 
ases and not the large parameterspa
e needed to 
over all binary stars. Disk formation is also negle
ted here. Given theun
ertainties it seems an impossible situation but really it is not so bad. The 
han
e ofwinds intera
ting is small � most wind a

retion is on to a main sequen
e star with a lowmass-loss rate.4.2 Thermohaline Mixing and the A

retion Pro
essThe fate of material a

reted on to the surfa
e of a star is un
lear. It is possible that thematerial either remains on the surfa
e or that it sinks and mixes, and then it is un
lear towhat depth su
h mixing o

urs. To deal with this problem a

reted material is assumedto form an a

retion layer on the surfa
e of the star or, if one already exists, the a

retedmaterial is mixed into it. In this way the number of sets of abundan
es that has to befollowed is redu
ed to two � the a

retion layer and the stellar envelope � 
ompared tothe many hundreds in full stellar evolution models. While this is required to keep the
ode from being too slow it is at the expense of the 
onsideration of abundan
e gradientsin the a

reted material. Su
h 
onsideration is rarely required. The layer usually has ahigher mole
ular weight than the envelope be
ause it 
omes from a star with signi�
antwind loss, whi
h o

urs during the latter stages of stellar evolution. In this 
ase thelayer mixes instantaneously with the envelope by a thermohaline instability (Kippenhahn,Rus
henplatt & Thomas, 1980; Pro�tt, 1989). 103



4 Binary StarsWhen an amount of mass δmt with abundan
e Xj,gain is a

reted the a

retion layerin
reases in mass from δma

 to δm′a

 = δma

 + δmt and has a new abundan
e

X ′
j,layer =

1

δm′a

 (δma

Xj,layer + δmtXj,gain) . (157)For stars with 
onve
tive envelopes the layer is instantly mixed with the envelope to givea new surfa
e abundan
e

Xj,env =
1

δm′a

 +Menv (δm′a

X ′
j,layer +MenvXenv) (158)where Xenv is the 
omposition of the envelope whi
h has a mass Menv. The a

retion layermass is then set to zero. The a

reted material is assumed not to mix into the star's 
oreex
ept for MS stars whi
h do not have a well de�ned 
ore and 
an mix 
ompletely.Stars with radiative envelopes are more 
ompli
ated. The mole
ular weight of the a
-
retion layer µa

 and the envelope µenv are 
al
ulated from

1

µ
=
∑

j

Xj
(Zj + 1)

mj

(159)where Zj is the atomi
 number of spe
ies j and mj its mass number. Two limiting 
asesare 
onsidered:

• µenv > µa

 � the envelope is heavier than the a

reted material so no mixing o

urs.The surfa
e abundan
e is given by X ′
j,layer. Any subsequent wind loss removes thea

retion layer before removing mass from the envelope.

• µenv ≤ µa

 � the a

retion layer is heavier than the envelope. The a

retion layerand envelope are 
ompletely and instantly mixed by a thermohaline instability andthe situation is identi
al to the 
onve
tive 
ase. When µenv = µa

 mixing is assumedto o

ur due to instabilities introdu
ed during the a

retion pro
ess. This situationis extremely unlikely to o

ur unless the stars have an identi
al surfa
e 
omposition,e.g. two low-mass main-sequen
e stars, in whi
h 
ase the whole pro
ess is irrelevantanyway. Mixing does not extend into the 
ore be
ause dilution within the enveloperedu
es the mole
ular weight and in addition it is unlikely that mixing 
an o

ura
ross burning shells.Degenerate material is assumed to have a high mole
ular weight µ = 10 su
h that degen-erate material always mixes with other degenerate material and non-degenerate materialalways �oats on the surfa
e of white dwarfs. The study of envelopes on WDs is 
ompli
atedand beyond the s
ope of this work.104
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6 Stellar Yields: Slow Parameters6.2.5 WR Wind Pres
ription and Enhan
ement Fa
torThe e�e
t of varying the WR wind-loss pres
ription is shown in �g. 65. The e�e
t on mostisotopes is less than the e�e
t of dupli
ity with the ex
eption of 12C and 16O. Oxygen yieldsare up to 30% lower with the MM mass loss than the NL or H02, while 
arbon is in
reasedfor NL relative to MM and H02. The di�erent mass-loss rates lead to di�erent pre-SN CO
ore masses and these give di�erent yields. The MM mass-loss rates are generally higher,so while more 16O is lost during the WR phase the �nal 
ore mass is lower, 
orrespondingto a lower 16O mass fra
tion (and higher 12C) in the SN eje
ta. The default (H02) mass-lossrate is then modulated by a parameter fWR to re�e
t 
urrent un
ertainty in mass-loss rate(see �g. 66). This has a similar e�e
t to the use of the MM mass-loss rates. That is less

16O and more 12C.
152

4.3 RLOF and Common Envelopes4.3 RLOF and Common EnvelopesThe pres
ription used in the BSE 
ode for RLOF is des
ribed in detail in Hurley et al.(2002). There are several 
onsequen
es for nu
leosynthesis. The �rst is the trun
ation ofphases of stellar evolution of the primary when the radius is large su
h as the GB and AGB.This means there are relatively fewer giants in binaries and the nu
leosynthesis asso
iatedwith dredge-up in giants does not take pla
e, to a greater or lesser extent depending on theinitial binary distributions. The BSE algorithm deals with this already, it is just a matterof not 
alling the appropriate se
tions of 
ode.The other e�e
t of RLOF is due to a

retion on to the se
ondary star. RLOF need notbe 
onservative so matter 
an be lost to the ISM dire
tly. Rapid a

retion 
an also leadto a 
ommon envelope forming around the stars whi
h may be expelled into the ISM. The
ores of the stars may merge in the envelope forming a new star. If there is no 
ommonenvelope, the stars may 
ompletely merge (se
tion 4.4) or relatively slow a

retion 
anlead to explosive events su
h as novae (se
tion 4.5.1) or type Ia supernovae (se
tion 4.5)or the a
quisition of a new stellar envelope and rejuvenation of the star. The situationis 
omplex and far from fully understood so while the Hurley et al. (2002) pres
ription isused to follow the a

reted matter there is always an element of doubt about the out
ome.Non-
onservative RLOF is the dominant mass-loss me
hanism in low-mass binaries. Thisis be
ause the primaries are deeply 
onve
tive low-mass (M . 0.7 M⊙) MS stars so masstransfer o

urs on a dynami
al times
ale. The stellar radius expands more qui
kly thanthe Ro
he lobe as mass is lost and the se
ondary, most likely also a MS star, has a longthermal times
ale so 
annot adapt qui
kly to the a

retion and the mass is lost from thesystem. Dynami
al mass transfer may also lead to the se
ondary �lling its Ro
he lobe asthe orbit shrinks and the stars merge - this is dealt with below (se
tion 4.4).When a giant transfers mass on a dynami
al times
ale to a 
ompanion with a longthermal times
ale, su
h as a MS star, a 
ommon envelope forms if 
onta
t is avoided. Thegiant �lls the Ro
he lobes of both stars so that its 
ompa
t 
ore and the 
ompanion starare 
ontained in the envelope. As the envelope expands it slows relative to the orbitalmotion and by a magi
al (i.e. un
ertain) me
hanism energy is transferred from the orbitto the envelope. This energy may be enough to 
ompletely drive o� the envelope, leavingthe 
ompa
t obje
ts and yielding its 
ontents to the ISM, or the 
ores merge and stellarevolution 
ontinues. Thus 
ommon envelopes provide a me
hanism for the 
reation of 
losedouble-degenerate binaries and 
ata
lysmi
 variable stars. The pres
ription of 
ommon-envelope evolution from H02 is used. It 
ontains two free parameters, �rst λCE whi
ha�e
ts the initial envelope binding energy

Ebind,i = − G

λCE [M1Menv1

R1

+
M2Menv2

R2

]

, (160)where λCE is 
al
ulated a

ording to the pres
ription in appendix E. The initial orbitalenergy of the 
ores is 105



4 Binary Stars

Eorb,i = −1

2

GM
1M
2

ai
, (161)where ai is the initial semi-major axis at the onset of the 
ommon-envelope phase. Thespiral-in of the 
ores and orbital energy transfer to the envelope is parameterized by αCEsu
h that if the envelope is 
ompletely removed

Ebind,i = αCE(Eorb,f − Eorb,i) , (162)where αCE ≈ 1 and

Eorb,f = −1

2

GM
1M
2

af
, (163)where af is the �nal separation. This 
an be solved to give af , the �nal separation, andthe entire envelope es
apes to 
ontribute dire
tly to the (binary) stellar yield.However, it is also possible that RLOF o

urs for either 
ore as the spiral-in pro
esso

urs, in whi
h 
ase the 
ores merge and some of the envelope remains. The bindingenergy remaining in the envelope is then given by

Ebind,f − Ebind,i = αCE(1

2

GM
1M
2

aL + Eorb,i) , (164)where aL is the separation at whi
h RLOF o

urs. A new giant star forms with a
ore 
omposed of the merged progenitor 
ores. The mass of the new star is 
al
ulatedusing a Newton-Raphson iteration (see H02 for the gory details) and if any mass is lost it
ontributes to the stellar yield.It is assumed that 
ommon-envelope evolution o

urs qui
kly relative to the nu
learburning times
ales at the surfa
e of the spiralling 
ores so there is no nu
lear pro
essing.This is partly for simpli
ity and partly be
ause the pro
ess is already un
ertain. Detailedand reliable hydrodynami
al models of 
ommon envelopes are la
king. Hurley et al. (2002)suggest that a value αCE ≈ 3 is possible if other energy sour
es su
h as nu
lear burningshells, magneti
 �elds or re
ombination of ionization zones1 in giants are in
luded. For thisreason α is treated as a free parameter. It is also assumed that no matter a

retes fromthe 
ommon envelope on to either star (Hjellming & Taam, 1991).4.4 Stellar MergersThe treatment of stellar mergers in H02 deals with ea
h of the 15x15 possibilities involved,there being 15 stellar types. Symmetry redu
es this to half but still there are more than100 possibilities. Fortunately, for nu
leosynthesis, all that is required is knowledge of wherethe material goes. Rarely does a stellar merger 
ontribute to the stellar yield and thenusually via a supernova whi
h is dealt with separately. This approa
h assumes there is no1At least one of the authors 
laims he does not believe this!106
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6 Stellar Yields: Slow Parameters6.2.4 AGB Wind Pres
riptionFigure 64 shows the e�e
t of varying the AGB wind-loss pres
ription using the pres
riptionsof H02, K02 and a Reimers η = 3 mass-loss rate. The e�e
t on most isotopes is smallerthan the di�eren
e between single and binary stars with the ex
eption of 14N and Ba. TheReimers mass-loss rate leads to a slow erosion of the stellar envelope, rather than the strongsuperwind of the H02 and K02 wind-loss pres
riptions (both are based on VW93). Thismeans that HBB and third dredge-up 
an pro
eed for longer so more 12C is 
onverted to

14N and more Ba is dredged-up. The un
ertainty in 14N yield is parti
ularly troublesome� binaries with a Reimers mass-loss rate produ
e more nitrogen than single stars witha H02 mass-loss rate and a similar amount to binaries with the K02 pres
ription. Theunder-produ
tion owing to dupli
ity ranges from about 20% (H02) to 40% (Reimers).

150

4.5 Type Ia Supernovae and AICsadditional nu
leosynthesis during the merging pro
ess. The new stellar envelope is formedby one of the following routes:1. Star 2 is 
ompa
t 
ompared to the envelope of star 1 so star 2 merges with the 
oreof star 1 to form a new 
ore. The new envelope 
omposition is the same as that ofstar 1 prior to the merger. This happens when a helium star or WD merges with agiant. It is also possible to form a new envelope from the whole of star 1 if star 1is a MS star a

reting on to e.g. a helium star. The MS star is less 
ompa
t so thenew 
ore is formed from the helium star and the envelope from the MS star. Again,all of the envelope 
omes from star 1.2. As above with 1 and 2 inter
hanged.3. Both 
ores are 
ompa
t 
ompared to their envelopes so the new envelope is a mixtureof the existing envelopes and both 
ores sink. White dwarfs, MS and HeMS starsare treated as having no 
ore, so are 
omposed purely of an envelope be
ause if theyare dense enough to sink through the other star's envelope they will be 
aught by
onditions 1 or 2 above.4. A Thorne-�ytkow obje
t is formed by the merger of a NS/BH with a star of stellartype ≤ 9. The envelope is removed instantaneously without any extra nu
leosynthe-sis. WDs and other NS/BHs 
ollide with a NS/BH to form a heavier NS/BH (BH if

M > 1.8 M⊙) again without any nu
leosynthesis.The route taken by ea
h type of merger is shown in table 9. Note that 
ollision of twoHeWDs may lead to an explosion (see below).4.5 Type Ia Supernovae and AICsThree types of type Ia supernovae are 
onsidered here. Edge-lit detonations are thoughtto o

ur when 0.15 M⊙ of helium-ri
h matter is a

reted on a dynami
al times
ale on toa sub-MCh COWD. This was modelled in 2D by Livne & Arnett (1995) who made eightmodels with CO 
ore mass 0.55 ≤MCO/M⊙ ≤ 0.9 and helium layer mass MHe between 0.1and 0.2 M⊙. The yields are �tted to fun
tions of the form

∆M(a165 + b165MCO + c165M
2CO)× (1 + d165MHe) (165)where ∆M is the amount of mass eje
ted in the explosion and the 
oe�
ients are givenin table B20. COWDs that a

rete hydrogen-ri
h matter are treated in the same way,with the hydrogen steadily burnt to helium then CO on the COWD surfa
e prior to theexplosion.COWDs that a

rete enough mass by steady a

retion of hydrogen or helium-ri
h mate-rial, whi
h is burned to CO, a

retion of CO from another COWD or owing to a COWD-COWD merger, to rea
h the Chandrasekhar mass are blown up with the yields of Iwamoto107



4 Binary Stars Primary Stellar Type

Se
ondaryS
tellarType 0 1 2 3 4 5 6 7 8 9 10 11 12 13 140 3 3 3 3 3 3 3 2 2 2 2 2 2 4 41 3 3 3 3 3 3 3 2 2 2 2 2 2 4 42 3 3 3 3 3 3 3 2 2 2 2 2 2 4 43 3 3 3 3 3 3 3 2 2 2 2 2 2 4 44 3 3 3 3 3 3 3 2 2 2 2 2 2 4 45 3 3 3 3 3 3 3 2 2 2 2 2 2 4 46 3 3 3 3 3 3 3 2 2 2 2 2 2 4 47 1 1 1 1 1 1 1 3 3 3 3 2 2 4 48 1 1 1 1 1 1 1 3 3 3 3 2 2 4 49 1 1 1 1 1 1 1 3 3 3 3 2 2 4 410 1 1 1 1 1 1 1 3 3 3 3 2 2 4 411 1 1 1 1 1 1 1 1 1 1 1 3 3 4 412 1 1 1 1 1 1 1 1 1 1 1 3 3 4 413 4 4 4 4 4 4 4 4 4 4 4 4 4 4 414 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4Table 9: Collision matrix. See text for details.et al.'s (1999) model DD2. They 
laim this model best �ts observed spe
tra and light
urves.The DD2 model is preferred to the more 
ommonly used W7 model of Nomoto, Thiele-mann & Yokoi (1984) be
ause W7 predi
ts signi�
antly higher 58Ni/56Fe ratios than solar.Yields are listed in table B22.Helium white dwarfs whi
h a

rete helium-ri
h matter until the total mass ex
eeds

0.7 M⊙ explode with the yields of Woosley, Taam & Weaver (1986) as shown in table B21,s
aled to the eje
ted mass ∆M by a fa
tor ∆M/0.664M⊙. Stri
tly these yields are appli-
able only for the a

retion of helium on to the helium WD but are used in the absen
e ofany other models for the merger of two HeWDs. Su
h events are probably too 
ommon torepresent SNeIa but may be responsible for some low-luminosity explosions.A

retion-indu
ed 
ollapse to a NS owing to a

retion of material on to an ONeWD,whi
h is not really a SNIa but only o

urs in binaries, produ
es zero yield a

ording toNomoto & Kondo (1991). This has re
ently been 
hallenged by Qian & Wasserburg (2003)who spe
ulate that there may be some r-pro
essing in a wind leaving the nas
ent NS. Thesituation is un
lear and in any 
ase there are no published yields to in
lude in the syntheti
model so the yield is set to zero.4.5.1 NovaeA

retion of hydrogen-ri
h material on to a WD at a rate Ṁ/(M⊙ yr−1) < 1.03 × 10−7(Warner, 1995) leads to unstable nu
lear burning in explosive events 
alled novae. Duringthe explosion hydrogen is 
onverted to helium and the temperature is high enough to108
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6 Stellar Yields: Slow Parameters6.2.3 GB Wind Pres
riptionFigure 63 shows the e�e
t of varying ηGB on the yields. It is expe
ted that an in
reaseof ηGB leads to a de
reased stellar mass at the beginning of the TPAGB. This leads to ade
rease in both third dredge-up and HBB so the yields of HBB/3DUP isotopes (12C, 14N,

22Ne and Ba) de
rease slightly � the e�e
t on 15N is in the opposite dire
tion be
ause itis destroyed in TPAGB stars. The hydrogen yield rises with ηGB be
ause material eje
tedon the GB is less likely to be CNO pro
essed (or polluted by a 
ompanion) than materialeje
ted at a later stage of evolution. Compared to the di�eren
e between the single andbinary star yields 
hanging ηGB has a small e�e
t.
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4.6 Other Binary-spe
i�
 E�e
tsa
tivate the CNO, NeNa and MgAl 
y
les. Novae are thought to 
ontribute a signi�
antfra
tion of the Gala
ti
 
ontent of 13C, 15N and 17O. The most 
omplete set of yieldsyet published is that of José & Hernanz (1998) who evolve 14 sequen
es spanning aCO/ONeWD mass range of 0.8 − 1.35 M⊙. Mixing of a

reted material with the surfa
elayer of the WD is essential to the explosion and mixing fra
tions of 25−75% are 
onsideredwith the mixing fra
tion fnov a free parameter with a default value of 50%. Models CO1-6and ONe1-7 are used for �tting to CO and ONe novae respe
tively, model CO7 is ignored(it uses di�erent opa
ities to the other models). The �ts are listed in appendix B11. Thefra
tion of a

reted matter retained after the explosion ǫnov is set to 10−3 although this isalso a free parameter. The small value of ǫnov means these systems are unlikely to growsigni�
antly in mass and explode as SNeIa.A

retion of hydrogen by a HeWD was assumed to give similar novae in the original BSEmodel, however there is nothing published in the literature whi
h relates to this probablyquite 
ommon situation. It is now assumed that a

retion of 0.01 M⊙ of hydrogen reigniteshelium and turns the star into a low-mass HeMS star, although there is no eviden
e inthe form of detailed models to support this hypothesis. It burns its helium and be
omesa COWD, resuming nova explosions in a similar way to the original BSE, albeit a few Myrlater and at a slightly higher mass.4.6 Other Binary-spe
i�
 E�e
tsObservations of RS CVn binaries led Tout & Eggleton (1988) to introdu
e extra mass lossfrom 
ool giants owing to the e�e
t of tides produ
ed by a 
lose 
ompanion. They give anexpression
Ṁ = ṀR [1 +Bmax

(

1

2
,
R

RL)6
]

, (166)where RL is the Ro
he-lobe radius, ṀR is the Reimers mass-loss rate and B ≈ 104. Aspointed out by H02 it is un
lear whether this should be applied to all stars so B is a freeparameter, usually set to zero.The impa
t of a supernova on the 
ompanion star is not in
luded in BSE, other than itse�e
t on the orbital dynami
s. Matter from the SN explosion 
an either be a

reted bya 
ompanion or 
an strip the 
ompanion of matter. The latter is more likely (Wheeler,Le
ar &M
Kee, 1975; Marietta, Burrows & Fryxell, 2000) and the 
ompanion star probablysurvives the stripping (Taam & Fryxell, 1984). A

retion may o

ur from a weak supernovasu
h as an AIC and su
h a pro
ess may explain stars whi
h are simultaneously r-pro
essand s-pro
ess ri
h (Qian & Wasserburg, 2003). Given these un
ertainties mass a

retionand stripping from SNe are not 
urrently in
luded in the syntheti
 model.The nu
leosynthesis model used for low- and intermediate-mass stars (
hapter 2) 
ontainsfun
tions of either the instantaneous massM (for �rst and se
ond dredge-up) or the mass atthe start of the TPAGB (for third dredge-up and HBB) so is not a�e
ted by mass transfer109



4 Binary Starsin binaries. The massive star nu
leosynthesis model (
hapter 3) is di�erent be
ause itne
essarily uses MZAMS as a �tting parameter. This is a problem during binary evolutionbe
ause it is likely, in binaries where both stars are of high mass, that a star a

retessigni�
ant amounts material from its 
ompanion. The a

reted material is dealt with inse
tion 4.2 above. It probably mixes by a thermohaline instability with the stellar envelope.In itself this is an approximation be
ause the star is pro
essed internally so should not bemixed through its entire depth. However this is a problem that 
annot be addressed withoutfull evolution models whi
h in
lude 
omposition gradients. The real problem o

urs whenthe star evolves further be
ause its surfa
e abundan
es evolve a

ording to a pres
riptionbased on MZAMS rather than the larger M . For this reason MZAMS is set to M whenmatter is a

reted on to a MS star. The ZAMS surfa
e abundan
es are also 
hanged to theabundan
es after the a

retion. The star then behaves as a MS star more massive than itoriginally was and whi
h has di�erent initial abundan
es.A

retion on to a post-MS star is not treated in the same way. This would lead toin
onsisten
ies but for several important e�e
ts. First, mass loss is strongest in post-MSstars, so there is unlikely to be any mass a

retion be
ause the winds sho
k. Se
ond,if both stars have evolved o� the main sequen
e then both will have large radii and a
ommon-envelope phase is likely. As an example, for a solar metalli
ity, 
ir
ular binarywith primary mass M1 = 30.000 M⊙ and period P = 100 d, the se
ondary must have amass M2 > 29.968 M⊙ in order to evolve o� the main sequen
e before mass transfer o

ursand if this is the 
ase 
ommon-envelope evolution follows with the loss of 2/3 of the massof the system. The region of parameter spa
e in whi
h there are problems is very smallindeed and is not resolved in the grids of stars used in 
hapters 5-7.There is also the problem of stellar phases not modelled by any of the full stellar evolution
odes. A good example is the low-mass helium star formed by stripping o� a RG's envelopebefore 
ore helium burning has �nished. In this 
ase the same �tting formulae are used asdeal with helium stars (see se
tion 3.4). Most of these systems then go on to form COWDsso the ex
ess C and O given by the helium star �ts is a re�e
tion of their true behaviour.Of 
ourse, there is no way to test whether the �ts are 
orre
t without investigation usingdetailed models beyond the s
ope of this dissertation.Supernova ki
ks are in
luded in exa
tly the same way as in Hurley et al. (2002) witha ki
k imparted to the 
ompanion a

ording to a Maxwellian velo
ity distribution withdispersion σSN. Typi
ally σSN = 190 kms−1 (Hansen & Phinney, 1997).The Eddington limit may be applied to a

reting neutron stars and bla
k holes (Cameron& Mo
k, 1967),

ṀEdd = fEDD2.08× 10−3

XZAMSH1 (RNS/BH/R⊙) M⊙ yr−1 (167)whi
h sets a maximum value to the mass-a

retion rate. The free parameter fEDD istypi
ally either 1.0 or 106, i.e. there is either a limit or not.110

6.2 Isotopi
 Comparison

1.65e-01
1.70e-01
1.75e-01
1.80e-01
1.85e-01
1.90e-01
1.95e-01
2.00e-01
2.05e-01
2.10e-01
2.15e-01
2.20e-01

H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1H1
Single
Binary

0.00e+00

5.00e-05

1.00e-04

1.50e-04

2.00e-04

2.50e-04

3.00e-04

3.50e-04

4.00e-04

4.50e-04

Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22Ne22
Single
Binary

3.50e-03

4.00e-03

4.50e-03

5.00e-03

5.50e-03

6.00e-03

6.50e-03

C12C12C12C12C12C12C12C12C12C12C12C12C12C12C12C12C12C12
Single
Binary

0.00e+00

1.00e-05

2.00e-05

3.00e-05

4.00e-05

5.00e-05

6.00e-05

7.00e-05

8.00e-05

Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44Ca44
Single
Binary

5.00e-04

1.00e-03

1.50e-03

2.00e-03

2.50e-03

3.00e-03

N14N14N14N14N14N14N14N14N14N14N14N14N14N14N14N14N14N14
Single
Binary

5.00e-04

1.00e-03

1.50e-03

2.00e-03

2.50e-03

3.00e-03

3.50e-03

4.00e-03

4.50e-03

5.00e-03

Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56Fe56
Single
Binary

0.00e+00

5.00e-07

1.00e-06

1.50e-06

2.00e-06

2.50e-06

3.00e-06

N15N15N15N15N15N15N15N15N15N15N15N15N15N15N15N15N15N15
Single
Binary

7.00e-06

8.00e-06

9.00e-06

1.00e-05

1.10e-05

1.20e-05

1.30e-05

1.40e-05

1.50e-05

1.60e-05

1.70e-05

Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65Cu65
Single
Binary

7.50e-03

8.00e-03

8.50e-03

9.00e-03

9.50e-03

1.00e-02

1.05e-02

1.10e-02

1e-04 0.001 0.01 0.1

Z

O16O16O16O16O16O16O16O16O16O16O16O16O16O16O16O16O16O16 Single
Binary

0.00e+00

2.00e-08

4.00e-08

6.00e-08

8.00e-08

1.00e-07

1.20e-07

1e-04 0.001 0.01 0.1

Z

BaBaBaBaBaBaBaBaBaBaBaBaBaBaBaBaBaBa Single
Binary

Figure 62: Yield relative to mass input y vs metalli
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6 Stellar Yields: Slow Parameters6.2.2 Metalli
ityThe e�e
t of varying the metalli
ity varies greatly from isotope to isotope (see �g. 62).At metalli
ities greater than 0.01 there is a tenden
y for material present in the star atbirth to dominate the yield as it is lost in stellar winds, this is true for 12C, 15N, 16O and

22Ne, and 14N be
ause it is produ
ed from 12C. However there is no su
h tenden
y for theSNIa, nova or s-pro
ess isotopes - mainly be
ause their initial abundan
es are so small. Ifisotopes heavier than 4He are truly dependent only on the initial stellar abundan
e theyshould have zero yield as Z → 0. This is not seen in any of the models, indeed the oppositeis usually true.At low metalli
ity the yield of 12C relative to the mass input to stars is almost identi
al forsingle and binary stars, 
ompared to a signi�
ant in
rease owing to binary stars at Z = 0.02.This is be
ause dredge-up is more e�
ient at low metalli
ity so the TPAGB stars that doform make more 12C whi
h 
an
els out the in
rease in SN yields from binaries. This ispurely a 
oin
iden
e! At solar metalli
ity dredge-up is less e�
ient but SNe are not so thesingle star 12C yield drops relative to the binary yield. There is no su
h SN 
ompensationfor 14N whi
h has its yields redu
ed in all binaries although the lower metalli
ity starsprodu
e more 14N by virtue of their hotter HBB.Below Z = 0.01 16O is over-produ
ed a little in binaries be
ause of the higher numberof SNeII/Ib/
. Above Z = 0.01 the yield is dominated by stellar wind losses. The yieldof 22Ne drops in the binaries be
ause its major sour
e is usually TPAGB star dredge-up.Barium likewise, the abundan
e of the dredged-up material is a strong fun
tion of Z, andthe yields re�e
t this, but the single-star yields are always about twi
e the binary yields.Nova-produ
ed 15N is always greater in binaries, by up to a fa
tor of 4 at Z = 0.0001.Produ
tion of 44Ca in
reases as Z de
reases, perhaps due to the in
reased mass of sub-MChSNIa progenitors (there is less mass loss as metalli
ity de
reases). 56Fe follows 44Ca andwhile at Z = 0.02 only 60% of 56Fe is made in binaries, at Z = 0.0001 it is nearly 80%whi
h re�e
ts the greater amount of mass eje
ted by SNeIa at low Z. The 65Cu yield isagain dominated by type II supernovae rather than Ib/
 and the yield from single stars isup to 30% greater than the yield from binaries.
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4.7 Example Systems4.7 Example SystemsFigures 51 and 52 show the evolution of a binary with initial parameters M1 = 30 M⊙,
M2 = 20 M⊙, P = 1000 d, e = 0 and Z = 0.02 with the MM mass-loss pres
ription. Masstransfer owing to RLOF from star 1 to star 2 o

urs at about 6Myr while star 1 is in theHG and star 2 is on the MS. Star 2 a

retes 15 M⊙ of hydrogen-poor, helium and nitrogen-ri
h material raising its mass to 35 M⊙ and altering its surfa
e abundan
es. Star 2 thenevolves like a 35 M⊙ ZAMS star with ex
ess helium and nitrogen in the envelope and lesshydrogen, 
arbon and oxygen. It is also 
lear that most 
arbon and oxygen produ
tion isduring the helium star phase.Another interesting example is M1 = 6 M⊙, M2 = 3 M⊙ and P = 40 d (see �gure 53).The initial separation, about 100 R⊙, is small enough that the primary over�ows its Ro
helobe while on the late-HG and red-giant bran
h (at 68.2Myr), so a 
ommon envelope forms.The envelope is lost leaving a 1.1 M⊙ helium star and the slightly polluted se
ondary. Thehelium star evolves on the HeMS to form a HeHG and again expands, over�ows its Ro
helobe and transfers 0.24 M⊙ of material to the se
ondary. The important point is that thismaterial is of very di�erent 
omposition to the original star � 12C ≈ 0.4, 14N ≈ 0 and

16O ≈ 0.2. The primary be
omes a 0.82 M⊙ COWD. The se
ondary is a 3.28 M⊙ MS
arbon star: 12C = 0.036, 16O = 0.027 so C/O ≈ 1.8 by number. At 320Myr, while in theits HG phase, the se
ondary over�ows its Ro
he lobe and a 
ommon envelope forms. Thereis not enough energy in the orbit to drive o� the envelope, even though αCE = 3, so the
ores merge and a new CO 
ore, with surrounding helium-burning shell, is formed. Thenow single star is an EAGB star of mass 3.44 M⊙ with a 0.82 M⊙ CO 
ore whi
h goes onto evolve on the TPAGB � but note it is already a 
arbon star! The star has a pe
uliarlyhigh 
ore mass for its total mass so its high luminosity drives the envelope o� rapidly.The few thermal pulses that o

ur add little extra 
arbon to the envelope and it is notmassive enough to undergo HBB. It loses its envelope in 105 years and forms a 0.85 M⊙COWD remnant. Su
h 
arbon-ri
h EAGB stars, known as extrinsi
 
arbon stars, are oneexplanation of the mysterious dim 
arbon stars (Izzard & Tout, 2004).As a �nal example, a system like the above but with M1 = 7M⊙, M2 = 6 M⊙ and P =
4 days undergoes a similar dynami
 evolution. Again the primary transfers mass duringits HG and HeHG phases to the se
ondary whi
h be
omes a dwarf 
arbon star with 12C =
0.031 and 16O = 0.024 (C/O = 1.72). At this stage the se
ondary surfa
e 14N (= 0.0008) islow be
ause the primary star has nearly zero nitrogen surfa
e abundan
e. However, whenthe se
ond 
ommon-envelope phase o

urs the resulting single star is massive enough, ataround 6.8 M⊙, for HBB to be e�e
tive. Within 5× 104 years most of the envelope 12C is
onverted to 14N (�gure 54) giving terminal abundan
es of 12C = 0.005, 16O = 0.022 and

14N = 0.038. This star is not a 
arbon star, rather a pe
uliar oxygen- and nitrogen-ri
hgiant.
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4 Binary Stars
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Figure 51: Stellar mass vs time, surfa
e abundan
es XH1, XHe4 vs instantaneous mass andvs time for a binary with initial parameters M1 = 30 M⊙, M2 = 20 M⊙ and
P = 1000 d (MM wind loss). Star 1 is red, star 2 is green.112
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6 Stellar Yields: Slow Parameters6.2.1 Maximum Stellar Evolution TimeThe time when a parti
ular isotope is released, relative to stellar birth, plays a 
riti
alrole in GCE models. In single stars the a

epted pi
ture is a prompt release of WR-star pro
essed material, N in the WN phase, 4He, 12C and 16O in the WC/WO phases,and 
ore-
ollapse supernova isotopes su
h as 12C, 16O, some 56Fe and 65Cu, after about

4−100Myr. The longer lived stars explode as EAGB stars. This is followed by the releaseof 14N after about 100− 200Myr owing to hot bottom burning TPAGB stars in the massrange 4 . M/M⊙ . 8. Then there is further release of 12C and Ba by TPAGB stars whi
hundergo third dredge-up, signi�
ant s-pro
essing and no HBB (1.5 . M/M⊙ . 4)L⊙ ontimes
ales of billions of years. There is little produ
tion of 15N or 44Ca in single stars � anyyield is due to eje
tion of material present at stellar birth. This is illustrated by �gure 61.For binary stars the pi
ture is more 
ompli
ated. Mass transfer leads to more WR stars,some massive merged stars and (probably1) fewer AGB stars. More WR and massive starsmeans more SNeIb/
 and more 12C. The se
ond peak in produ
tion owing to AGB stars,while still evident, is vastly redu
ed and repla
ed by a more 
ontinuous yield of 12C to theISM. There is a drop in the 65Cu produ
tion in binaries, probably be
ause 
ore-
ollapsesupernovae are more likely to be of type Ib/
 in binaries but type II in single stars. Binarymass transfer a
ts to strip the stars of their envelopes prior to the explosion. This alsoleads to smaller 
ores in SNeIb/
 and the WW95 �ts have 65Cu de
reasing with de
reasingCO 
ore mass.AGB stars are destroyed by mass transfer so the yields of 14N, 22Ne and Ba drop 
om-pared to single stars. Similarly 22Ne yields drop at times later than about 1Gyr and Baat times later than 100Myr. Note that 16O yields are similar between single and binarystars. The ex
ess beyond about 100Myr is due to some extra WR stars, a small yield fromSNeIa and fewer AGB stars2.There are also binary-only explosive pro
esses at work. These lead to the over-produ
tionof 15N from novae and 44Ca and 56Fe from SNeIa and HeWD mergers at times later thanabout 1Gyr.
1There may be a large population of post-
ommon-envelope AGB stars. This depends on the free pa-rameter αCE.2The 16O intershell abundan
e is low enough in these stars that it leads to a slight depletion of 16O inthe stellar envelope be
ause at Z = 0.02 the envelope abundan
e of 16O 
an be as high as 0.01.144
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Figure 53: Extrinsi
 
arbon star formation from a dwarf 
arbon star. See text for details.
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6 Stellar Yields: Slow Parameters

• AGB Ṁ of H02, K02 or a Reimers wind with η = 3.

• WR wind of H02, MM or NL.

• WR wind enhan
ement fa
tor 0.1 ≤ fWR ≤ 10.

• Common-envelope parameter 0.1 ≤ αCE ≤ 5.

• Eddington limit for a

retion, fEDD = 1, or no limit for a

retion, fEDD = 106.

• s-pro
ess 13C po
ket mass fa
tor 0.01 ≤ ξ ≤ 2.0.

• SN ki
k velo
ity dispersion 0 ≤ σSN/km s−1 ≤ 400.

• Enhan
ed binary wind loss 0 ≤ B ≤ 104.

• BH masses given by the pres
ription of H02, whi
h leads to low masses, or Bel
zynskiet al. (2002), whi
h gives higher BH masses (see e.g. Izzard, Ramirez-Ruiz & Tout2004 or se
tion 3.8).

• Dredge-up parameters −0.1 ≤ ∆M
,min ≤ 0 and 0 ≤ λmin ≤ 1.The above parameters are varied on a grid of 1000 single stars and 106 binary stars. Giventhe large number of slow parameters and the number of isotopes it is possible to 
onsider(
urrently 126), a sele
tion of isotopes must be made whi
h is more restri
tive than thatused during the slow parameter analysis, these are 1H, 12C, 14N, 15N, 16O, 22Ne, 44Ca, 56Fe,

65Cu and Ba.
142
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h giant from a dwarf 
arbon star. See text for details.
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6 Stellar Yields: Slow Parameters6.1 Introdu
tionThe slow parameters 
orrespond to 
hanges in the input physi
s and there are many su
hparameters. It is impossible to analyse the parameter spa
e 
overed by all of them so thedefault model (see se
tion 5.2) is used with one parameter varied at a time. The total yield

ζj of isotope j 
an then be expanded as a Taylor series
ζj ≈ ζj0 +

dζj
dxi

(xi − xi0) = ζj0

(

1 + Tij
δxi
∆xi

) (202)where xi are the slow parameters, xi0 are the default values, δxi = xi − xi0 and x variesfrom xmin to xmin + ∆xi . A �tting routine is used to evaluate

d(ζj/ζj0)

d(xi/∆xi)
= Tij (203)from the data. Be
ause the derivative terms Tij are normalized to both the x range andthe default yield they provide a relatively unbiased 
omparison of the e�e
t of the slowparameters xi. The Taylor series does not 
ontain 
ross terms between the xi so the e�e
tof varying two slow parameters at the same time remains unknown although the series willprovide a �rst-order estimate. Note that this is a linear approximation only, in some 
ases,su
h as variation with Z, higher order expansions may be ne
essary for in
lusion of yieldsinto GCE models. The yield relative to mass input is used ζj = yj.The parameters whi
h are varied are:

• Maximum stellar evolution time 1Myr ≤ tmax ≤ 13.7Gyr.

• Metalli
ity 0.0001 ≤ Z ≤ 0.02. Note that initial abundan
es are taken from aquadrati
 �t to the initial abundan
es of Anders & Grevesse (1989, Z = 0.02) andRussell & Dopita (1992, LMC Z = 0.008 and SMC Z = 0.004) for Z ≥ 0.004 whenthe isotopi
 abundan
e is available. Lower metalli
ities and isotopes whi
h are not
onsidered by Russell & Dopita (1992) are s
aled to solar abundan
es of Anders &Grevesse (1989).

• E

entri
ity 0 ≤ e ≤ 1.

• GB wind Reimers fa
tor 0.25 ≤ η ≤ 0.75. 141



5 Stellar Yields: Fast Parameters5.8 Con
lusionsYields relative to mass input, y, in
rease by up to a fa
tor of 3 due to reasonable un
er-tainties in the single/primary star mass distribution 
ompared to the KTG93 IMF, ±20%owing to q distributions di�erent from the �at-q distribution and a similar amount due toseparation distributions whi
h di�er from the �at-ln a distribution.The low-mass 
uto� m0 alters normalization of the single/primary star mass distributionor q distribution and be
ause most stars lie in the range m0 ≤M/M⊙ ≤ m1 raising m0 bya small amount signi�
antly boosts the yields.Type Ia supernova and nova isotopes are dominated by 
hanges in the q and separationdistributions � SnIa isotope produ
tion drops by about 70% if the se
ondary star is 
hosenfrom the primary star IMF even though this distribution is favoured by spe
tros
opi
binary observations. An extreme separation distribution (a1.0) e�e
tively stops type Iasupernovae from o

urring, but a more realisti
 distribution (a−0.7) whi
h agrees betterwith observations is di�erent to the default �at-ln a distribution by at most 50%.In 
omparison to these un
ertainties, errors in yields owing to numeri
al resolution,whi
h are less than 2%, are negligible for N = 104 single stars or N = 1003 binary stars.
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5 Stellar Yields: Fast ParametersThe previous three 
hapters presented a syntheti
 model for stellar nu
leosynthesis. Itnow remains to answer the question of whether binaries are important in the 
al
ulationof stellar yields and how the yields vary with 
hanges in free parameters.5.1 Introdu
tionIn order to 
al
ulate the yield of any isotope from a population of stars initial distributionsmust be 
hosen. Single star massesM are distributed a

ording to the Initial Mass Fun
tion(IMF). In the 
ase of binaries, initial distributions of primary massesM1, se
ondary masses

M2 , or the mass ratios q = M2/M1, and separations a, must be 
hosen. These distributionsare not well 
onstrained by observations. A

urate observations of initial q or a, or morelikely the period P , are 
onstrained to a few hundred nearby binaries (Popova, Tutukov &Yungelson, 1982; Abt, 1983; Goldberg, Mazeh & Latham, 2003). Star formation theory andmodelling, even with present-day SPH simulations, is some way from a predi
tion of how,and how many, single or binary stars form. However various 
hoi
es 
an be made basedon the observations. In what follows populations of single or binary stars are 
onsideredrather than a mixture of the two.Given a 
hosen set of these distributions a logarithmi
 grid is set up in one-dimensional

M spa
e for single stars or 3D M1�M2�a spa
e for binary stars. The grid is split into nstars per dimension su
h that ea
h star represents the 
entre of a logarithmi
 grid-
ell ofsize δV where
δV =

{

δ lnM single stars

δ lnM1 δ lnM2 δ ln a binary stars (168)and
δ ln x =

ln xmax − ln xmin

n
, (169)where x represents M , M1, M2 or a and xmax and xmin are the grid limits. The totalnumber of stars is denoted by N su
h that N = n for single stars and N = n3 for binarystars.The probability of existen
e of star i is given by

δpi = ΨδVi = ΨδV , (170)117



5 Stellar Yields: Fast Parametersbe
ause δV is a 
onstant. Here

Ψ =

{

ψ(lnMi) single stars

ψ(lnM1i)φ(lnM2i)χ(ln ai) binary stars (171)is the probability density fun
tion for ea
h set of stars. The single star IMF is denotedby ψ(lnMi). In the 
ase of binaries the primary star IMF is given by ψ(lnM1i), these
ondary star IMF by φ(lnM2i) and the initial separation distribution by χ(ln ai). Notethat φ(lnM2i) 
an be 
al
ulated via φ(qi) where qi = M2i/M1i is the initial mass ratio.For any output value, su
h as mass eje
ted of a given isotope, ζi of the star representingthe grid 
ell δVi a weighting fa
tor δpi must be applied so that the sum of the ζi representsthe value for the whole population of stars

ζ =
∑

i

δpi ζi . (172)In the above expression δpi represents the set of fast parameters whi
h 
an be 
hangedwithout having to rerun the stellar models. On
e a whole set of ζi have been 
onstru
tedit is a relatively qui
k pro
ess to sum over them for a given Ψ.The 
onstru
tion of many sets of ζi represents 
hanges in the set of slow parameterswhi
h depend on the 
hoi
e of input physi
s. The 
onstru
tion of many datasets takeslonger than a 
hange in the distributions Ψ given the ζi, hen
e the name of this parameterset. This 
hapter deals ex
lusively with the fast parameters, 
hapter 6 deals with the slowparameters.The usual 
ondition on any probability distribution

∑

i

δpi = 1 (173)means Ψ must be suitably normalized.5.2 Default Model SetsIn order to 
onstru
t a set of 
hemi
al yields a default set of slow parameters must be
hosen upon whi
h the fast parameters are varied. These are values thought to be typi
alin the literature or as were used in previous studies made with the BSE 
ode (Hurley et al.,2002).

• Maximum stellar evolution time tmax = 13.7Gyr � the WMAP result (±0.2Gyr;Bennett et al., 2003) for the age of the Universe. It turns out (see se
tion 61) thatyields are not too sensitive to variation of tmax.

• Z = 0.02 � solar metalli
ity. The models are most likely to be as 
orre
t as possibleat this metalli
ity, espe
ially the phenomenologi
al WR models whi
h are �tted to
Z = 0.02 models.118
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Figure 60: As �gure 59 for a power-law separation distribution ψ(a) ∝ a−0.7 in the range

10 ≤ a/R⊙ ≤ 1.3× 103.for this is that large-separation binaries are favoured so intera
tion leading to novae ortype Ia supernovae are unlikely. There is an in
rease in the s-pro
ess yields 
orrespondingto the survival of more TPAGB systems in wide binaries.The a−2.0 power law redu
es SnIa and nova yields but in
reases everything else. Thisseparation distribution leads to a peak in the initial period distribution at 1 day. Formost initial masses the stars merge while both are on the MS so e�e
tively the populationbehaves as a single star population boosted to higher mass. This in
rease in stellar mass,and in
rease in single star fra
tion, leads to an in
rease in yields from single star pro
essessu
h as TPAGB/WR wind loss (and asso
iated 14N yield) and 
ore-
ollapse SNe (as 65Cu)and a drop in the yield from novae. It is interesting to note that the SNeIa yields in
rease� probably owing to an in
reased number of 
lose binaries leading to 
ommon-envelopeevolution � while the nova yields de
rease; exa
tly the opposite of the a−0.7 distribution.
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5 Stellar Yields: Fast Parameters

IMF1 KTG93 KTG93 KTG93 KTG93IMF2 Flat-Q Flat-Q Flat-Q Flat-QSepdist Flat ln(a) a−0.7 a1.0 a−2.0

10 ≤ a/R⊙ ≤ 1.3e3Isotope y Relative % % LimitsYields %

1H 1.898× 10−1 90 83 137 (1.57 < 1.90 < 2.60)× 10−01

4He 1.019× 10−1 93 88 129 (0.90 < 1.02 < 1.31)× 10−01

12C 5.735× 10−3 90 71 109 (4.04 < 5.74 < 6.28)× 10−03

13C 6.111× 10−5 82 51 77 (3.12 < 6.11 < 6.11)× 10−05

14N 8.111× 10−4 97 100 117 (7.88 < 8.11 < 9.47)× 10−04

15N 9.950× 10−6 147 62 19 (1.89 < 9.95 < 14.61)× 10−06

16O 9.561× 10−3 89 74 120 (7.11 < 9.56 < 11.47)× 10−03

17O 6.256× 10−6 122 64 62 (3.87 < 6.26 < 7.63)× 10−06

20Ne 1.186× 10−3 91 84 129 (1.00 < 1.19 < 1.53)× 10−03

21Ne 3.719× 10−6 92 88 133 (3.29 < 3.72 < 4.94)× 10−06

22Ne 2.842× 10−4 101 111 125 (2.84 < 2.84 < 3.54)× 10−04

23Na 3.707× 10−5 95 103 143 (3.51 < 3.71 < 5.30)× 10−05

24Mg 4.228× 10−4 88 75 124 (3.16 < 4.23 < 5.26)× 10−04

25Mg 7.309× 10−5 95 96 133 (6.98 < 7.31 < 9.74)× 10−05

26Al 3.985× 10−7 94 99 138 (3.75 < 3.98 < 5.49)× 10−07

26Mg 7.733× 10−5 92 92 135 (7.08 < 7.73 < 10.41)× 10−05

27Al 5.920× 10−5 92 88 132 (5.19 < 5.92 < 7.80)× 10−05

32S 6.028× 10−4 84 60 111 (3.62 < 6.03 < 6.68)× 10−04

36Ar 1.251× 10−4 83 58 111 (0.72 < 1.25 < 1.39)× 10−04

40Ca 9.848× 10−5 76 45 112 (4.47 < 9.85 < 11.04)× 10−05

44Ca 3.602× 10−5 56 3 139 (0.09 < 3.60 < 5.02)× 10−05

48Ti 3.267× 10−5 55 5 150 (0.16 < 3.27 < 4.91)× 10−05

52Cr 7.949× 10−5 57 6 135 (0.51 < 7.95 < 10.75)× 10−05

56Fe 2.485× 10−3 70 35 138 (0.87 < 2.49 < 3.42)× 10−03

65Cu 8.835× 10−6 91 96 140 (8.03 < 8.83 < 12.41)× 10−06Ba 6.505× 10−9 96 106 144 (6.24 < 6.50 < 9.39)× 10−09Kr 6.366× 10−8 100 130 162 (6.34 < 6.37 < 10.31)× 10−08Pb 6.453× 10−9 95 101 142 (6.11 < 6.45 < 9.18)× 10−09Y 8.861× 10−9 105 144 165 (8.86 < 8.86 < 14.59)× 10−09Table 17: The variation in yield y for di�erent separation distributions.
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5.3 De�nition of the yield
• Initial abundan
es are taken from Anders & Grevesse (1989).
• E

entri
ity e = 0. This is for simpli
ity. Most intera
ting binary systems areexpe
ted to be 
ir
ular owing to tidal 
ir
ularization of the orbit. Some systems mayex
hange mass by winds rather than RLOF in whi
h 
ase non-zero e

entri
ity may beimportant but this is negle
ted here in favour of a redu
tion in the parameter spa
e byone dimension (and a 
orresponding redu
tion in grid runtime by a fa
tor n ≈ 100).Some 
onsideration of a 
hange in initial e

entri
ity is given in se
tion 6.2.9.
• The mass-loss pres
ription of Hurley et al. (2002) is used for all stellar evolutionphases ex
ept the TPAGB when the pres
ription of Karakas et al. (2002) is used. Thisis be
ause the syntheti
 TPAGB model is 
alibrated with their mass-loss pres
ription.

• Common-envelope parameter αCE = 3. Hurley et al. (2002) found αCE = 3 is requiredto reprodu
e the observed number of double-degenerate binary systems.

• No Eddington limit for a

retion (fEDD = 106).
• s-pro
ess 13C po
ket mass fa
tor ξ = 1.0.
• SN ki
k velo
ity dispersion σSN = 190 kms−1 (Hansen & Phinney, 1997).

• No enhan
ed binary wind loss (B = 0).
• Bondi-Hoyle a

retion fa
tor αB-H = 3/2.

• The fra
tion of matter retained in a nova explosion fnova = 10−3 (Hurley et al., 2002).

• The Hurley et al. (2002) bla
k hole mass pres
ription.

• The 
alibration of third dredge-up found by 
omparison to SMC and LMC 
arbonstar luminosity distributions: ∆M
,min = −0.07 and λmin = 0.8− 37.5Z = 0.05.It is ne
essary to make a sele
tion of isotopes for study be
ause the syntheti
 model 
ur-rently predi
ts 126 isotopes. Some isotopes 
losely follow the behaviour of others su
h asthe s-pro
ess groups, the α elements from type Ia supernovae et
. and so are representedby just a few isotopes. Table 10 lists the isotopes 
hosen.5.3 De�nition of the yieldThere are many ways to de�ne the yield of a parti
ular isotope j from a generation of stars.The integrated mass lost from star i as isotope j during its lifetime tmax is

δYij = δpi

∫ tmax

0

Ṁ(t)Xj(t) dt (174)119



5 Stellar Yields: Fast Parameters

1H, 4He hydrogen, helium

12C, 13C, 14N, 15N, 16O, 17O CNO

20Ne, 21Ne, 22Ne, 23Na NeNa

24Mg, 25Mg, 26Mg, 26Al, 27Al MgAl

32S, 36Ar, 40Ca, 44Ca, 48Ti, 52Cr, 56Fe SNIa and HeWD-HeWD mergers

65Cu SNIIBa, Pb, Y, Kr s-pro
essTable 10: Isotopes used in fast parameter 
omparisons.where Ṁ(t) is the rate of mass loss from the system, Xj(t) is the surfa
e abundan
e of jand δpi is the probability of the star's existen
e. The total mass lost from a population ofstars as isotope j is then

Yj =
∑

i

δYij . (175)More useful is yj de�ned as the mass lost as isotope j per unit mass input to stars

yj =

{

Yj/
∑

i [Miδpi] single stars

Yj/
∑

i [(M1i +M2i)δpi] binary stars (176)or y′j the mass lost as j per unit mass lost � i.e. the mass fra
tion of j in the eje
ta

y′j =
Yj

∑

i δpi
∫

Ṁ(t) dt
. (177)There is also pM de�ned in terms of the enhan
ement of isotope j during the lifetime ofthe star relative to the initial abundan
e and normalized to the initial mass of the star1

δpMij(i, j,Mi) =
δpi
Mi

∫ tmax

0

Ṁi∆Xij dt , (178)where Mi is the initial mass of the (single) star and ∆Xij = Xij(t)−Xij(0) is the 
hangein surfa
e abundan
e of isotope j between its birth and time t. For binaries the idea is thesame but the expression slightly di�erent

δpMij(i, j,M1,M2) =
δpi

(M1i +M2i)

∫ tmax

0

(Ṁ1i∆X1ij + Ṁ2i∆X2ij) dt , (179)where the ∆X now refer to ea
h star.The population enhan
ement of isotope j is then

pMj =
∑

i

δpMij . (180)1This is the form used in se
tion 2.15.120
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Figure 59: dΨ/d lna and dΨ/d lnP generated from a �at-ln a separation distribution. Theblue line is the �t from Goldberg et al. (2003) for the orbital period of spe
tro-s
opi
 binaries.range of binary periods it does not reprodu
e Goldberg et al. (2003)'s peak at periods ofabout 10 yrs. The shortest period binaries are probably not observed be
ause they mergequi
kly while both stars are on the MS so will be seen as single stars. The highest periodsyntheti
 binaries, e.g. lnP ≈ 11 so P ≈ 164 yrs, would su�er from observational sele
tione�e
ts � most stars have not been observed 
ontinuously for 160 years.A more a

urate mat
h to the Goldberg et al. (2003) data 
an be made with a negative-exponent power law ψ(a) ∝ a−0.7 (so ψ(ln a) ∝ a0.3) in the range 10 ≤ a/R⊙ ≤ 1.3× 103.The lower separation limit agrees better with the observations of Popova et al. (1982). Thisis 
onsidered along with a positive-exponent power law ψ(a) ∝ a1.0 and a more extremenegative-exponent power law ψ(a) ∝ a−2.0. There is no observational justi�
ation for theselatter exponents but it is interesting to see if they have any e�e
t on the integrated yields.The e�e
t on yields y of these various distributions is shown in table 17. The di�eren
ebetween the default separation distribution (�at in ln a) and the better �t to the obser-vations (power law a−0.7) is a small drop for all isotopes ex
ept the SnIa isotopes whi
hdrop by half. Nova yields, if measured by 15N or 17O, rise by 147% or 122% respe
tivelywhile the yield of 13C a
tually drops. The reason for this is un
ertain � novae and TPAGBstars are the main produ
ers of 13C and there is no drop in the s-pro
ess or 14N yields, sothere should be no drop in 13C. However, if most 13C is produ
ed by novae (see 
hapter 7),and if these novae are predominantly high-mass COWDs (M ≥ 1.15 M⊙) or ONeWDs theresults of José & Hernanz (1998) show that 13C is anti-
orrelated with both 15N and 17O.Perhaps highly separated systems are more likely to lead to nova-like a

retion rates forlong periods of time without the possibility of 
ommon-envelope evolution, whereas 
loserbinaries lead to higher a

retion rates, 
ommon-envelope evolution and possible SNeIa.The positive-exponent power law a1.0 severely redu
es the SnIa yields to almost nothingand redu
es the nova yields. For other isotopes there is up to 25% redu
tion. The reason137



5 Stellar Yields: Fast Parameters5.7 Separation DistributionThe default distribution of the initial binary separation a is a �at distribution in ln a inthe range 3 ≤ a/R⊙ ≤ 104 (as in Hurley et al., 2002)

χ(ln a) = 
onstant . (197)The upper limit is 
hosen be
ause, while stars at higher separations may be gravitation-ally bound, they do not intera
t signi�
antly enough to alter their evolution. The lowerlimit is somewhat arbitrary and it should be noted that stars born in an equal mass binarywith M1 = M2 ≥ 2.1 M⊙ and a = 3 R⊙ merge within 105 years. Although this is not veryphysi
al there are not many of these stars.It is di�
ult to 
ompare this distribution with observed separation distributions be
ausethese rely on well known distan
es to binaries and that the stars are opti
ally distin-guishable. Periods are easier to observe e.g. by spe
tros
opi
 methods. An initial perioddistribution 
an be 
onstru
ted from χ(a) by use of Kepler's law

P 2 =

(

4π2

G

)

a3

(M1 +M2)

(198)whi
h for the Sun/Earth system with a measured in AU (1 AU being the Sun-Earthdistan
e), period P in years and M1 and M2 measured in M⊙ be
omes

1 =
4π2

G

(199)be
ause3 M1 + M2 ≈ M1 and a = P = M1 = 1. Thus for any system measured in theseunits,

P =

(

a3

M1 +M2

)1/2 years (200)whi
h, with a 
onverted to R⊙ and periods in days, leads to

P = 365.24

(

R⊙

1AU)3/2
a3/2

(M1 +M2)1/2

days (201)where R⊙/1AU = 1/214.95.The distributions of separation and period obtained from the �at ln a distribution with
M1 distributed by the KTG93 IMF andM2 by the �at-q distribution are shown in �gure 59.The �at distribution obtained between P = 1 d and 164 yr agrees reasonably well with therange in observations of Popova et al. (1982) and Abt (1983) although there is de�nitelyroom for improvement. The linear period distribution �t from Goldberg et al. (2003, basedon spe
tros
opi
 binaries) is also plotted and it should be noted that this is anything but�at in lnP ! While the syntheti
 binary separation distribution reprodu
es the observed3The mass of the Earth, M2, is negligible 
ompared to the mass of the Sun, M1 = M⊙.136

5.4 Numeri
al ResolutionIsotope Resolution Error/% Timestep Error/% Isotope Resolution Error/% Timestep Error/%
1H 1.0 0.02 24Mg 0.3 0.25
12C 1.4 0.2 44Ca 0.03 0.15
14N 0.9 1.8 56Fe 0.04 0.22
16O 0.6 0.3 65Cu 0.1 0.02
22Ne 1.7 0.2 Ba 0.5 0.1Table 11: Maximum errors on the integrated binary star yields y due to resolution andvariable timestep e�e
ts.Note pMj 
an be negative if an isotope is 
onsumed rather than 
reated.In what follows the simpler form yj is used be
ause it is always positive.5.4 Numeri
al ResolutionThe number of stars N required to obtain an a

urate sum of the yield relative to massinput y (eq. 176) is 
onstrained by 
onsiderations of a

ura
y and CPU time. Figure 55shows y(N) relative to the default dataset for single (red) and binary stars (blue) for asele
tion of important isotopes. For single stars the default value is N = 104 and all theyields 
onverge to within 0.5% of their default values for N ≥ 5× 103.Binary stars are more unpredi
table owing to the in
reased number of grid dimensionsand the plethora of intera
tion me
hanisms involved. Supernova ki
k velo
ities are mod-elled by a Monte-Carlo pro
ess so slight di�eren
es in yields are also be
ause of this. Thedefault value n = 100 
orresponds to a 3D grid of N = n3 = 106 points. This is 
hosenbe
ause 106 models take approximately 14 hours to run on a 1.4GHz Athlon PC. Fig-ure 55 has high-resolution, n ≥ 100, binary data points at n = 100, 105, 152 and 200.The maximum error on the yield for ea
h isotope when using an n = 100 data set 
an beapproximated by the maximum di�eren
e between the n = 100 set and any of the n > 100sets. Table 11 shows that the errors (marked Resolution Error) are smaller than 1.7%.Table 55 also lists the errors indu
ed when the timestep during the TPAGB phase is mod-ulated by a 
onstant fa
tor less than 1 (
olumns marked Timestep Error). The timestepis multiplied by a fa
tor 0.1 and 0.5 and the maximum di�eren
e between the results andthe standard timestep tabulated. Only 14N is a�e
ted by more than 0.5%. It is produ
ed
opiously by HBB so small 
hanges in the burning time 
hange the yield by 1.8%. It willbe shown below that su
h errors are negligible 
ompared to other sour
es of un
ertainty.

121



5 Stellar Yields: Fast Parameters

90.00

95.00

100.00

105.00

110.00

115.00

120.00

125.00

130.00

135.00

1 10 100 1000 10000

1H

Single
Binary

92.00

94.00

96.00

98.00

100.00

102.00

104.00

106.00

1 10 100 1000 10000

24Mg

Single
Binary

84.00

86.00

88.00

90.00

92.00

94.00

96.00

98.00

100.00

102.00

1 10 100 1000 10000

12C

Single
Binary

85.00
90.00
95.00

100.00
105.00
110.00
115.00
120.00
125.00
130.00
135.00
140.00

1 10 100 1000 10000

44Ca

Single
Binary

80.00

100.00

120.00

140.00

160.00

180.00

200.00

220.00

240.00

1 10 100 1000 10000

14N

Single
Binary

70.00

80.00

90.00

100.00

110.00

120.00

130.00

140.00

150.00

1 10 100 1000 10000

56Fe

Single
Binary

94.00

95.00

96.00

97.00

98.00

99.00

100.00

101.00

1 10 100 1000 10000

16O

Single
Binary

20.00

30.00

40.00

50.00

60.00

70.00

80.00

90.00

100.00

110.00

1 10 100 1000 10000

65Cu

Single
Binary

70.00

75.00

80.00

85.00

90.00

95.00

100.00

105.00

110.00

1 10 100 1000 10000

NM1

22Ne

Single
Binary

95.00

100.00

105.00

110.00

115.00

120.00

125.00

130.00

1 10 100 1000 10000

NM1

Ba

Single
Binary

Figure 55: Variation in yield relative to n = 104 (single stars) or n = 100 (binarystars) for various isotopes.122

5.6 Se
ondary Star Mass Distribution

IMF1 KTG93 KTG93 KTG93 KTG93IMF2 Flat-Q IMF1 q ≤ 1 q0.5 q−1.5Sepdist Flat ln(a) Flat ln(a) Flat ln(a) Flat ln(a)Isotope y Relative % % LimitsYields %
1H 1.898× 10−1 116 102 91 (1.73 < 1.90 < 2.24)× 10−01

4He 1.019× 10−1 115 103 90 (0.91 < 1.02 < 1.18)× 10−01

12C 5.735× 10−3 81 107 66 (3.76 < 5.74 < 6.14)× 10−03

13C 6.111× 10−5 128 92 101 (5.60 < 6.11 < 7.91)× 10−05

14N 8.111× 10−4 121 101 93 (7.55 < 8.11 < 9.83)× 10−04

15N 9.950× 10−6 291 84 200 (8.41 < 9.95 < 29.43)× 10−06

16O 9.561× 10−3 96 105 76 (7.22 < 9.56 < 10.04)× 10−03

17O 6.256× 10−6 321 81 216 (5.07 < 6.26 < 20.38)× 10−06

20Ne 1.186× 10−3 106 104 83 (0.98 < 1.19 < 1.28)× 10−03

21Ne 3.719× 10−6 107 104 83 (3.09 < 3.72 < 4.04)× 10−06

22Ne 2.842× 10−4 111 104 85 (2.41 < 2.84 < 3.15)× 10−04

23Na 3.707× 10−5 114 103 87 (3.23 < 3.71 < 4.29)× 10−05

24Mg 4.228× 10−4 96 105 76 (3.22 < 4.23 < 4.44)× 10−04

25Mg 7.309× 10−5 107 104 83 (6.04 < 7.31 < 7.93)× 10−05

26Al 3.985× 10−7 108 102 84 (3.35 < 3.98 < 4.38)× 10−07

26Mg 7.733× 10−5 108 104 83 (6.45 < 7.73 < 8.48)× 10−05

27Al 5.920× 10−5 107 104 83 (4.90 < 5.92 < 6.42)× 10−05

32S 6.028× 10−4 78 106 65 (3.94 < 6.03 < 6.39)× 10−04

36Ar 1.251× 10−4 76 106 64 (0.80 < 1.25 < 1.33)× 10−04

40Ca 9.848× 10−5 65 107 57 (5.62 < 9.85 < 10.51)× 10−05

44Ca 3.602× 10−5 30 114 33 (1.07 < 3.60 < 4.11)× 10−05

48Ti 3.267× 10−5 34 114 35 (1.09 < 3.27 < 3.72)× 10−05

52Cr 7.949× 10−5 34 112 36 (2.65 < 7.95 < 8.93)× 10−05

56Fe 2.485× 10−3 59 108 52 (1.30 < 2.49 < 2.69)× 10−03

65Cu 8.835× 10−6 103 105 80 (7.03 < 8.83 < 9.24)× 10−06Ba 6.505× 10−9 119 102 92 (5.99 < 6.50 < 7.84)× 10−09Kr 6.366× 10−8 125 103 95 (6.04 < 6.37 < 8.04)× 10−08Pb 6.453× 10−9 118 102 92 (5.92 < 6.45 < 7.73)× 10−09Y 8.861× 10−9 126 102 96 (8.50 < 8.86 < 11.31)× 10−09Table 16: Binary star yields relative to mass input y with variation of the se
ondary massdistribution.
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5 Stellar Yields: Fast Parametersdrop for q0.5 but rise for q−1.5, 
ore-
ollapse SN yields (65Cu) rise slightly for q0.5 and dropby up to 20% with q−1.5 while SNIa yields rise by up to 14% for q0.5 and drop by 65% for

q−1.5.In 
on
lusion the binary explosive pro
ess yields depend strongly on the se
ondary massdistribution. SNIa yields vary from 30% to 114% of the �at-q model, while 15N and 17Oare boosted by a fa
tor of three if the se
ondary is 
hosen from the IMF. The 
hanges inany of the non-explosive isotope yields are usually less than 20% � far less than the 200%
hanges due to un
ertainty in the single/primary star mass distribution.
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5.5 Single/Primary Star Mass Distribution5.5 Single/Primary Star Mass DistributionThe distribution of single stars, the Initial Mass Fun
tion (IMF), has long been known toapproximate a power law (Salpeter, 1955), at least for stars of mass greater than about
1 M⊙. Below this mass the power law �attens o� and at high mass there is some un
ertainty(Kroupa, 2002). The default IMF used here is that of Kroupa et al. (1993, KTG93). This,the Salpeter IMF and the one of Chabrier (2003) are 
ompared.The IMF is de�ned as a probability density fun
tion of initial stellar mass M

ψ(M) =
dp

dM

(181)su
h that dp = ψ(M) dM is the probability of a star's existen
e between masses M and

M + dM . It is assumed that all stars form in the mass interval m0 ≤M/M⊙ ≤ 80.0 where

m0 is usually 0.1.Note that
dp

d lnM
= ψ(lnM) = Mψ(M) (182)is used in the grid des
ribed above.The Salpeter IMF is a single power law in M
ψ(M) = AMα (183)with α = −2.35 over the assumed mass range 0.1 ≤ M/M⊙ ≤ 80 and A normalized su
hthat

∫ 80

0.1

ψ(M)dM = 1 (184)whi
h gives
A =

1 + α

801+α − 0.11+α
= 0.06031 . (185)The KTG93 IMF is a three part power law

ψ(M) =























0 M/M⊙ ≤ m0

a1(M/M⊙)p1 m0 < M/M⊙ ≤ m1

a2(M/M⊙)p2 m1 < M/M⊙ ≤ m2

a3(M/M⊙)p3 m2 < M/M⊙ ≤ mmax

0 m > mmax (186)where p1 = −1.3, p2 = −2.2, p3 = −2.7, m0 = 0.1, m1 = 0.5, m2 = 1.0 and mmax = 80.0.The normalization 
ondition 123



5 Stellar Yields: Fast Parameters

∫ mmax

m0

ψ(M)dM = 1 (187)together with 
ontinuity at m1 and m2 leads to

a−1
2 =

mp2−p1
1

1 + p1

(

m1+p1
1 −m1+p1

0

)

+
(

m1+p2
2 −m1+p2

1

) 1

1 + p2

+
mp2−p3

2

1 + p3

(

m1+p3max −m1+p3
2

)

, (188)

a1 = a2m
p2−p1
1 (189)and

a3 = a2m
p2−p3
2 . (190)A re
ent alternative IMF is that of Chabrier (2003)

ψ(log10 M) =

{

A0A1 exp [−(log10M/M⊙ − log10MC)/2σ2] M < 1 M⊙
A0A2(M/M⊙)−x M ≥ 1 M⊙

(191)where A1 = 0.158, A2 = 4.43× 10−2, MC = 0.079, σ = 0.69, x = 1.3 and A0 = 0.12024 isa 
onstant whi
h has to be introdu
ed be
ause Chabrier's IMF is not suitably normalizedover the entire mass range. This is related to ψ(M) by

ψ(M) =
ψ(log10 M)

M ln(10)

(192)so at high mass ψ(M) is a power law with slope α = −2.3 (
ompared to KTG93's −2.7).Figure 56 
ompares the above IMFs. The Salpeter IMF redu
es the number of intermediate-mass stars relative to the KTG93 IMF and 
ompensates for this with an in
rease in low-and high-mass stars. Low-mass stars with M . 0.95 M⊙ do not leave the main sequen
ein 13.7Gyr and so do not 
ontribute to the stellar yield. However, the mass fun
tionis normalized over the entire mass range so these stars and the lower-mass limit m0 arestill important. The Chabrier IMF is similar to KTG93 for M < 2 M⊙ but over-produ
esintermediate- and high-mass stars by up to a fa
tor 10 at M = 80 M⊙ relative to KTG93.This is indi
ative of the present-day un
ertainty in mass determinations of high-mass stars.Table 12 shows the yield y relative to mass input to stars for the KTG93, Salpeter andChabrier IMFs. The default data set is KTG93, the other sets are shown as per
entagefra
tions of the default so an under-produ
tion relative to KTG93 is denoted by a �gureless than 100% and over-produ
tion by a �gure greater than 100%. The rightmost 
olumnshows the limits between whi
h the yield varies for the data sets in the table.124
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ondary Star Mass Distribution
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Figure 58: dΨ/dq vs q (red lines) for φ(q) ∝ q0.5 (upper left), φ(q) ∝ q−1.5 (upper right)and ψ(M2) = ψ(M1) with q ≤ 1 (lower panel). The minimum primary mass

m0 = 0.1.
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Figure 57: dΨ(M1, q, a)/dq vs q (red lines) for a �at-q distribution. The left panel is for

m0 = 0.1, the right panel for m0 = 0.5. Also shown (in blue) is the observedspe
tros
opi
 binary q-distribution (Goldberg et al., 2003).Other forms of ψ(q) have been suggested in the literature. As extreme examples Gar-many, Conti & Massey (1980) suggest φ(q) ∝ q0.5 from a survey of O-stars and as a 
om-plete, and unjusti�ed, 
ontrast φ(q) ∝ q−1.5 is also 
onsidered. It is perhaps also reasonableto assume the se
ondary star is taken at random from the primary IMF (Duquennoy &Mayor, 1991) so φ(M2) = ψ(M1) with q ≤ 1. These distributions are shown in �gure 58whi
h fa
ilitate 
omparison of the simulated dΨ/dq with the most re
ent observations(Goldberg et al., 2003). It is impossible to distinguish between the �at-q distribution andthe 
hoi
e of both stars from the IMF, with M2 ≤ M1, on observational grounds alone,espe
ially given low-q sele
tion e�e
ts. The observed peak at q ≈ 0.2 is hinted at by thesyntheti
 distribution when both stars are 
hosen from the IMF. No attempt is made tomodel sele
tion e�e
ts ex
ept by in
reasing m0 � and this tends to �atten the distributionand does not produ
e the peak.The e�e
t on stellar yields y due to a variation of the se
ondary mass distribution isshown in table 16. The default data set has a KTG93 primary mass distribution (with
m0 = 0.1), �at-q se
ondary mass distribution and �at in ln a separation distribution.Choosing M2 from the primary star IMF has the e�e
t of boosting the number of low-and intermediate-mass se
ondary stars at the expense of high-mass se
ondaries. Thisdistribution in
reases the s-pro
ess and HBB yields: 14N in
reases to 119% of the defaultyield, Ba in
reases to 121%, as well as the nova yields, 13C in
reases to 129%, 15N to296%, 17O to 326%. The number of type Ia supernovae is redu
ed so 44Ca, 48Ti and 52Cryields drop to a �fth of the default value and 56Fe to 59%. The redu
tion in high-mass
ompanions leads to a drop in 65Cu whi
h is not surprising be
ause there are fewer 
ore
ollapse supernovae 
ompared to the �at-q distribution.The power law forms do not signi�
antly 
hange most yields 
ompared to the �at-q 
aseex
ept for the explosive binary pro
ess yields. Nova yields (as measured by 13C or 15N)132

5.5 Single/Primary Star Mass DistributionIMF KTG93 Salpeter Chabrier
α = −2.2Isotope y Relative % LimitsYields %

1H 1.857× 10−1 116 200 (1.86 < 1.86 < 3.72)× 10−01

4He 1.044× 10−1 137 227 (1.04 < 1.04 < 2.37)× 10−01

12C 4.589× 10−3 209 320 (4.59 < 4.59 < 14.70)× 10−03

13C 3.609× 10−5 124 213 (3.61 < 3.61 < 7.67)× 10−05

14N 9.562× 10−4 153 250 (9.56 < 9.56 < 23.95)× 10−04

15N 1.185× 10−6 188 295 (1.18 < 1.18 < 3.50)× 10−06

16O 8.372× 10−3 241 364 (8.37 < 8.37 < 30.44)× 10−03

17O 3.398× 10−6 103 186 (3.40 < 3.40 < 6.31)× 10−06

20Ne 1.178× 10−3 202 313 (1.18 < 1.18 < 3.69)× 10−03

21Ne 3.882× 10−6 194 305 (3.88 < 3.88 < 11.83)× 10−06

22Ne 3.776× 10−4 189 295 (3.78 < 3.78 < 11.14)× 10−04

23Na 4.457× 10−5 177 283 (4.46 < 4.46 < 12.61)× 10−05

24Mg 3.715× 10−4 208 321 (3.71 < 3.71 < 11.91)× 10−04

25Mg 7.992× 10−5 201 313 (7.99 < 7.99 < 25.05)× 10−05

26Al 4.698× 10−7 219 339 (4.70 < 4.70 < 15.93)× 10−07

26Mg 8.353× 10−5 211 326 (8.35 < 8.35 < 27.19)× 10−05

27Al 6.130× 10−5 225 343 (6.13 < 6.13 < 21.03)× 10−05

32S 4.278× 10−4 210 326 (4.28 < 4.28 < 13.93)× 10−04

36Ar 8.542× 10−5 216 334 (8.54 < 8.54 < 28.52)× 10−05

40Ca 5.265× 10−5 207 321 (5.26 < 5.26 < 16.90)× 10−05

44Ca 9.134× 10−7 185 292 (9.13 < 9.13 < 26.69)× 10−07

48Ti 1.704× 10−6 189 298 (1.70 < 1.70 < 5.08)× 10−06

52Cr 5.687× 10−6 147 241 (5.69 < 5.69 < 13.69)× 10−06

56Fe 1.018× 10−3 190 300 (1.02 < 1.02 < 3.05)× 10−03

65Cu 9.997× 10−6 205 324 (10.00 < 10.00 < 32.35)× 10−06Ba 8.060× 10−9 116 201 (8.06 < 8.06 < 16.23)× 10−09Kr 9.696× 10−8 119 208 (9.70 < 9.70 < 20.21)× 10−08Pb 7.660× 10−9 118 204 (7.66 < 7.66 < 15.66)× 10−09Y 1.496× 10−8 104 187 (1.50 < 1.50 < 2.80)× 10−08Table 12: Single star yields relative to mass input y with variation of the single star IMF.The leftmost 
olumn gives the isotope, the se
ond 
olumn the default yield y ofthe isotope and the next two 
olumns the yield relative to the default with theSalpeter or Chabrier IMF. The �nal 
olumn shows the limits between whi
h yvaries, the 
entral value is the default value.
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5 Stellar Yields: Fast ParametersThe Salpeter IMF over-produ
es everything relative to KTG93 owing to the ex
ess ofhigh-mass stars. The in
rease in s-pro
ess elements and 13C is small be
ause these aremainly produ
ed in intermediate-mass stars. Typi
ally y in
reases to about twi
e theKTG93 value for isotopes heavier than helium (153% for 14N, 241% for 16O). The SNIaisotopes, ex
ept 56Fe from SNeII/Ib/
, are produ
ed in tiny amounts due to the la
k of aprodu
tion me
hanism in single stars so any yield is due to the presen
e of the isotope at

t = 0. These isotopi
 yields in
rease with the Salpeter IMF owing to the in
reased numberof massive stars and asso
iated wind loss. The yield of the SnII isotope 65Cu also doublesdue to the ex
ess number of massive stars and 
ore-
ollapse supernovae.The Chabrier IMF shows a similar pattern to the Salpeter IMF but is even more extreme.Both intermediate- and high-mass stars are over-produ
ed with respe
t to the KTG93 IMF,so the yields of all the isotopes in
rease to between 186 and 364% of the KTG93 values.The s-pro
ess elements in
rease by about 200%, the SNIa and SNIb/
/II isotopes by about300%, 14N, produ
ed by intermediate-mass AGB stars and high-mass WR stars, by 250%,while 12C and 16O in
rease by 320% and 364% respe
tively owing to an in
reased numberof WR stars and 
ore-
ollapse supernovae. Be
ause total probability must equal 1 somestars must be removed to make way for these ex
ess intermediate- and high-mass stars. Inthis 
ase these stars are around 0.7 M⊙, see �gure 56 where the green line drops below thered line, and so make no 
ontribution to the stellar yield and so there is no asso
iated dropin the yield.The minimum possible stellar mass m0 is 0.1 for the KTG93 IMF. As explained above,raising m0 does not matter be
ause the stars around M . 0.95 M⊙ have zero yield in

13.7Gyr (at solar metalli
ity) but the IMF must still be suitably normalized. As shownin table 13 when m0 is raised to 0.8 M⊙ (as was done for the primary mass distribution inHurley et al., 2002) all the y yields are doubled be
ause more mass goes into massive stars.A 
hange of m0 also a�e
ts the se
ondary star q distribution (see se
tion 5.6). Furtherin
rease of m0, whi
h is not justi�ed by observations e.g. Goldberg et al. (2003), 
ausesfurther in
rease in the yields although the e�e
t is not uniform be
ause m0 rises above the
0.95 M⊙ limit.Primary star masses are thought to be distributed a

ording to the single star IMF(Popova et al., 1982). Binary yields for various primary mass distributions show trendssimilar to the single-star yields for a varying IMF, as shown in table 14.In 
on
lusion, while the Salpeter IMF is based on limited data and old models, two newerIMFs (KTG93 and Chabrier) still lead to quite di�erent yields. This is due to the di�erentslope at intermediate and high mass (−2.7 for KTG93, −2.3 for Chabrier) whi
h is thehardest mass range to measure. The minimum stellar mass is important for normalizationof the IMF and variation in a reasonable range alters all single-star yields by up to a fa
torof two.
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5.6 Se
ondary Star Mass Distribution

IMF1 KTG93 KTG93 KTG93 KTG93 KTG93
m0 = 0.1 m0 = 0.5 m0 = 1.0 m0 = 8.0IMF2 Flat-Q Flat-Q Flat-Q Flat-Q Flat-QSepdist Flat ln(a) Flat ln(a) Flat ln(a) Flat ln(a) Flat ln(a)Isotope y Relative % % % LimitsYields %

1H 1.898×10−1 100 156 229 207 (1.90 < 1.90 < 4.35)×10−01

4He 1.019×10−1 100 156 232 302 (1.02 < 1.02 < 3.08)×10−01

12C 5.735×10−3 100 158 241 794 (5.74 < 5.74 < 45.53)×10−03

13C 6.111×10−5 100 158 240 138 (6.11 < 6.11 < 14.64)×10−05

14N 8.111×10−4 100 157 238 305 (8.11 < 8.11 < 24.77)×10−04

15N 9.950×10−6 100 158 241 178 (9.95 < 9.95 < 24.02)×10−06

16O 9.561×10−3 100 158 240 910 (9.56 < 9.56 < 87.05)×10−03

17O 6.256×10−6 100 158 240 141 (6.26 < 6.26 < 15.03)×10−06

20Ne 1.186×10−3 100 157 237 746 (1.19 < 1.19 < 8.85)×10−03

21Ne 3.719×10−6 100 157 238 787 (3.72 < 3.72 < 29.27)×10−06

22Ne 2.842×10−4 100 158 241 714 (2.84 < 2.84 < 20.29)×10−04

23Na 3.707×10−5 100 157 239 646 (3.71 < 3.71 < 23.93)×10−05

24Mg 4.228×10−4 100 157 238 654 (4.23 < 4.23 < 27.66)×10−04

25Mg 7.309×10−5 100 157 239 760 (7.31 < 7.31 < 55.56)×10−05

26Al 3.985×10−7 100 158 243 967 (3.98 < 3.98 < 38.52)×10−07

26Mg 7.733×10−5 100 157 239 819 (7.73 < 7.73 < 63.35)×10−05

27Al 5.920×10−5 100 157 239 889 (5.92 < 5.92 < 52.61)×10−05

32S 6.028×10−4 100 158 240 620 (6.03 < 6.03 < 37.39)×10−04

36Ar 1.251×10−4 100 158 240 620 (1.25 < 1.25 < 7.76)×10−04

40Ca 9.848×10−5 100 158 240 442 (9.85 < 9.85 < 43.50)×10−05

44Ca 3.602×10−5 100 158 243 19 (0.69 < 3.60 < 8.74)×10−05

48Ti 3.267×10−5 100 158 243 39 (1.28 < 3.27 < 7.93)×10−05

52Cr 7.949×10−5 100 158 242 32 (2.58 < 7.95 < 19.25)×10−05

56Fe 2.485×10−3 100 158 241 289 (2.49 < 2.49 < 7.19)×10−03

65Cu 8.835×10−6 100 158 243 929 (8.83 < 8.83 < 82.07)×10−06Ba 6.505×10−9 100 156 233 201 (6.50 < 6.50 < 15.17)×10−09Kr 6.366×10−8 100 157 237 157 (6.37 < 6.37 < 15.08)×10−08Pb 6.453×10−9 100 156 233 211 (6.45 < 6.45 < 15.02)×10−09Y 8.861×10−9 100 157 238 109 (8.86 < 8.86 < 21.10)×10−09Table 15: Binary yields relative to mass input y with variation of the minimum primarymass m0.
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5 Stellar Yields: Fast Parameters5.6 Se
ondary Star Mass DistributionBinary stars are distributed on a 3D grid of the primary mass M1, assumed to be KTG93,se
ondary mass M2 and separation a, assumed to be �at in ln a between 3 and 104 R⊙ (seese
tion 5.7). The se
ondary mass is then distributed a

ording to a distribution φ(M2) inthe range 0.1 ≤M2/M⊙ ≤ 80. It is 
onventional to use φ(q) where q = M2/M1 is the massratio. For insertion into eq. (171) φ(q) must be related to φ(lnM2). For a given M1,

dp

dq
= φ(q) (193)then

dq =
dM2

M1
=
M2 d lnM2

M1
= q d lnM2 (194)so

qφ(q) = q
dp

dq
=

dp

d lnM2

= φ(lnM2) (195)and only an extra fa
tor of q is required.The default distribution is a �at distribution in q for q ≤ 1 and zero otherwise. Howeverthis is not as simple as it seems! For a given M1 there is a minimum value of q given by

qmin =
0.1 M⊙

M1
, (196)so the distribution is only �at in q in the range qmin ≤ q ≤ 1. Be
ause qmin is a fun
tionof M1 the probability density fun
tion for the population as a whole, whi
h is what mustbe used to 
ompare with observations, is not �at in q! However, as the minimum observ-able primary star mass m0 is in
reased the simulated population approa
hes a true �at-qdistribution. To illustrate this, �gure 57 shows dΨ/dq vs q for a stellar population2 fortwo values of m0, 0.1 M⊙ and 0.5 M⊙, in 20 uniformly-spa
ed bins. Re
ent observationsof spe
tros
opi
 binaries of Goldberg et al. (2003) are also plotted. The simulated �at-qdistribution with m0 = 0.1 M⊙ peaks at q = 1 while with m0 = 0.5 M⊙ the simulateddistribution is truly �at above q = 0.2. However, it is di�
ult to observe binaries withlow-mass primaries so observed distributions prefer a higher m0 (e.g. 0.5 M⊙) even if thetrue value is lower (e.g. 0.1 M⊙).For single stars the only e�e
t on stellar yields of 
hoosing m0 higher than 0.1, provided

m0 . 0.9, is to 
hange the normalization of the IMF be
ause the yield of low-mass stars isnegligible in 13.7Gyr. The 
hange in yields owing to variation of m0 in binaries is shown intable 15. As with the single stars the e�e
t is to alter the normalization of the distributionprovided m0 ≤ 1 M⊙. This seems reasonable given that Goldberg et al. (2003) measureprimary masses down to 0.4 M⊙ and se
ondaries down to 0.1 M⊙.2The population 
onsists of 107 stars, 100× 100 in M1 × a spa
e, 1000 stars in M2130
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Figure 56: Single star IMFs.
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5 Stellar Yields: Fast Parameters

IMF KTG93 KTG93 KTG93 KTG93

m0 = 0.8 m0 = 1.2 m0 = 8.0Isotope y Relative % % LimitsYields %

1H 1.857× 10−1 202 241 230 (1.86 < 1.86 < 4.47)× 10−01

4He 1.044× 10−1 202 245 315 (1.04 < 1.04 < 3.29)× 10−01

12C 4.589× 10−3 202 266 643 (4.59 < 4.59 < 29.49)× 10−03

13C 3.609× 10−5 202 250 239 (3.61 < 3.61 < 9.02)× 10−05

14N 9.562× 10−4 202 257 345 (9.56 < 9.56 < 32.97)× 10−04

15N 1.185× 10−6 202 249 780 (1.18 < 1.18 < 9.24)× 10−06

16O 8.372× 10−3 202 262 951 (8.37 < 8.37 < 79.65)× 10−03

17O 3.398× 10−6 202 260 82 (2.78 < 3.40 < 8.83)× 10−06

20Ne 1.178× 10−3 202 257 770 (1.18 < 1.18 < 9.07)× 10−03

21Ne 3.882× 10−6 202 260 890 (3.88 < 3.88 < 34.56)× 10−06

22Ne 3.776× 10−4 202 267 519 (3.78 < 3.78 < 19.59)× 10−04

23Na 4.457× 10−5 202 263 608 (4.46 < 4.46 < 27.11)× 10−05

24Mg 3.715× 10−4 202 257 769 (3.71 < 3.71 < 28.57)× 10−04

25Mg 7.992× 10−5 202 262 744 (7.99 < 7.99 < 59.45)× 10−05

26Al 4.698× 10−7 202 270 831 (4.70 < 4.70 < 39.06)× 10−07

26Mg 8.353× 10−5 202 261 795 (8.35 < 8.35 < 66.40)× 10−05

27Al 6.130× 10−5 202 261 893 (6.13 < 6.13 < 54.76)× 10−05

32S 4.278× 10−4 202 261 915 (4.28 < 4.28 < 39.14)× 10−04

36Ar 8.542× 10−5 202 262 941 (8.54 < 8.54 < 80.40)× 10−05

40Ca 5.265× 10−5 202 260 874 (5.26 < 5.26 < 46.00)× 10−05

44Ca 9.134× 10−7 202 256 753 (9.13 < 9.13 < 68.75)× 10−07

48Ti 1.704× 10−6 202 259 838 (1.70 < 1.70 < 14.28)× 10−06

52Cr 5.687× 10−6 202 247 443 (5.69 < 5.69 < 25.21)× 10−06

56Fe 1.018× 10−3 202 259 837 (1.02 < 1.02 < 8.52)× 10−03

65Cu 9.997× 10−6 202 270 1197 (10.00 < 10.00 < 119.70)× 10−06Ba 8.060× 10−9 202 253 169 (8.06 < 8.06 < 20.39)× 10−09Kr 9.696× 10−8 202 261 112 (9.70 < 9.70 < 25.33)× 10−08Pb 7.660× 10−9 202 251 185 (7.66 < 7.66 < 19.24)× 10−09Y 1.496× 10−8 202 264 63 (0.94 < 1.50 < 3.95)× 10−08Table 13: As table 12 but for variation of the KTG93 parameter m0.
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5.5 Single/Primary Star Mass Distribution

IMF1 KTG93 Salpeter Chabrier
α = −2.2IMF2 Flat-Q Flat-Q Flat-QSepdist Flat ln(a) Flat ln(a) Flat ln(a)Isotope y Relative % LimitsYields %

1H 1.898× 10−1 109 190 (1.90 < 1.90 < 3.61)× 10−01

4He 1.019× 10−1 126 215 (1.02 < 1.02 < 2.19)× 10−01

12C 5.735× 10−3 200 320 (5.74 < 5.74 < 18.34)× 10−03

13C 6.111× 10−5 113 203 (6.11 < 6.11 < 12.39)× 10−05

14N 8.111× 10−4 136 232 (8.11 < 8.11 < 18.80)× 10−04

15N 9.950× 10−6 147 253 (9.95 < 9.95 < 25.22)× 10−06

16O 9.561× 10−3 211 334 (9.56 < 9.56 < 31.93)× 10−03

17O 6.256× 10−6 124 221 (6.26 < 6.26 < 13.81)× 10−06

20Ne 1.186× 10−3 185 297 (1.19 < 1.19 < 3.52)× 10−03

21Ne 3.719× 10−6 179 292 (3.72 < 3.72 < 10.87)× 10−06

22Ne 2.842× 10−4 197 314 (2.84 < 2.84 < 8.92)× 10−04

23Na 3.707× 10−5 171 281 (3.71 < 3.71 < 10.43)× 10−05

24Mg 4.228× 10−4 177 287 (4.23 < 4.23 < 12.12)× 10−04

25Mg 7.309× 10−5 189 305 (7.31 < 7.31 < 22.30)× 10−05

26Al 3.985× 10−7 213 341 (3.98 < 3.98 < 13.57)× 10−07

26Mg 7.733× 10−5 198 316 (7.73 < 7.73 < 24.40)× 10−05

27Al 5.920× 10−5 207 328 (5.92 < 5.92 < 19.41)× 10−05

32S 6.028× 10−4 166 274 (6.03 < 6.03 < 16.54)× 10−04

36Ar 1.251× 10−4 167 276 (1.25 < 1.25 < 3.46)× 10−04

40Ca 9.848× 10−5 148 251 (9.85 < 9.85 < 24.72)× 10−05

44Ca 3.602× 10−5 85 164 (3.06 < 3.60 < 5.89)× 10−05

48Ti 3.267× 10−5 86 165 (2.81 < 3.27 < 5.40)× 10−05

52Cr 7.949× 10−5 91 173 (7.27 < 7.95 < 13.75)× 10−05

56Fe 2.485× 10−3 125 218 (2.49 < 2.49 < 5.43)× 10−03

65Cu 8.835× 10−6 192 314 (8.83 < 8.83 < 27.74)× 10−06Ba 6.505× 10−9 112 197 (6.50 < 6.50 < 12.80)× 10−09Kr 6.366× 10−8 113 202 (6.37 < 6.37 < 12.85)× 10−08Pb 6.453× 10−9 113 198 (6.45 < 6.45 < 12.80)× 10−09Y 8.861× 10−9 102 186 (8.86 < 8.86 < 16.48)× 10−09Table 14: Binary star yields relative to mass input y with variation primary star massdistribution.
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